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Abstract 

We consider the two-dimensional problem of steady natural convection in a circular cavity with quadratic volumetric generation filled 

with porous material. We use Darcy's law for this cavity filled with porous material. The solution is governed by dimensionless parameter 

Darcy-Rayleigh number. The solution is expanded for low Darcy-Rayleigh number as was done by [1] and extended to 18 terms by 

computer. Analysis of these expansions allows the exact computation for arbitrarily accuracy up to 50000 figures. Although the range of 

the radius of convergence is small but Pade approximation leads our results to be good even for higher value of the similarity parameter. 
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Nomenclature 

g           Gravity 

         Similarity parameter 

  Rayleigh number 

T  Temperature 

C further nomenclature continues down the page inside the text box 

Greek symbols 

             Thermal diffusivity 

 The coefficient of thermal expansion 

             Kinematic viscosity 
k Effective thermal conductivity 

KK         Thermal diffusivity 

            Stream function 

         Imposed temperature difference 

Subscripts 

r  value at reference temperature 
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1. Introduction 

We consider the two-dimensional problem of steady natural convection in a circular cavity with linear volumetric heat flux 

filled with porous material. We use Darcy's law for this cavity filled with porous material. The solution is governed by 

dimensionless parameter Darcy-Rayleigh number. The solution is expanded for low Darcy-Rayleigh number as was done by 

[1], [2],[3] and extended to 18 terms by computer. Analysis of these expansions allows the exact computation for arbitrarily 

accuracy up to 50000 figures. Although the range of the radius of convergence is small but Pade approximation leads our 

result to be good even for higher value of the similarity parameter. This investigation is in a porous circular cavity driven by 

heating in the horizontal direction is our interest. We use Darcy's law for this cavity filled with porous material. The solution 

is governed by dimensionless parameter Darcy-Rayleigh number. The solution is expanded up to 18 terms by computer in 

powers of Darcy-Rayleigh number. Analysis of these expansions allows the exact computation for arbitrarily accuracy up to 

50000 figures. Although the range of the radius of convergence is small but Pade approximation leads our result to be good 

even for higher value of the similarity parameter. The analysis yields a solution for all values of Rayleigh number from zero 

to finite value in a continuous fashion. The natural convection in a cavities filled with porous medium has received much 

attention because of the theoretical interest of [4], [5], [6], [7] for isothermal surfaces and [8] for isothermal inner and 

sinusoidal outer boundaries. As far as the numerical works for the case of isothermal surfaces a parameter study of 

diameter-ratio effects on the heat transfer coefficient was performed by [4] and angle of heating by [8] and other related 

problem of Natural Convection Non-Darcy effect by [9] and finally experimental work of [4]. The question of 

Hydrodynamic instability induces steady or oscillatory flows have been subject of many studies for example [4] and [10]. I 

hope the present exact solution of steady flow will help to answer such question more clearly. We recently have done the 

same present approach of symbolic calculation for laminar flow through heated horizontal pipe [3] and similar work done 

for concentrically spheres [11]. The similar approach was done for rectangular cavity by [12] and they found boundary limit 

solution from their regular perturbation for small Darcy-Rayleigh number. 

2. Statement of problem 

 The governing equations for porous materials with Darcy’s law can be written in dimensionless form as:  
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Where 

.

V  is the velocity vector, 

.

 density, T temperature,   viscosity, 

.

P pressure, J=(cos ,-sin ) is a unit vector in the direction 

of gravity and 





aTg q
  is the Rayleigh number. The equations (1),(2) and (3) have been non-dimensional zed by using the radius of 

cavity (R) as the length scale, for velocity 
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 , and for temperature qT . 
qT  is calculated from coefficient of heat generation 
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Tq   is somehow certain gradient of temperature across the cavity, K is the permeability of the media , β is the 

coefficient of volumetric expansion of the fluid and g the acceleration due to gravity. Introducing the stream function in 

order to satisfy Eq. (1), eliminating the pressure from Eq. (2) and writing the resulting equation in cylindrical polar 

coordinates , the continuity equation can be satisfied by introducing a Stokes stream function    for the cross flow. We 

mainly follow Mansour’s notation [1993]. Then the velocity component U, V, W in the fluid are functions of r and  only.  

The governing equations for porous materials with Darcy’law can be written in dimensionless form as: 
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                                                                 Fig.1 Geometry of the Problem 

   

We mainly follow Mansour’s notation [1]. Then the velocity component U, V, W in the fluid are functions of r and  only. 

The continuity equation can be satisfied by introducing a Stokes stream function   for the cross flow The governing 

equations for porous materials with Darcy’law can be written in dimensionless form as: 
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The corresponding boundary conditions expressing the impermeability of the wall, the no-slip conditions, and imposed 

temperature distribution are respectively: 
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 is is the Rayleigh number. Coordinates are non-dimensional zed by using the radius of cavity as the 

length scale. Here qT  is imposed temperature difference (  is kinematics viscosity,   the coefficient of volumetric 

expansion  

 

2.1. Series Derivation and Computer Extension 

In this work we delegated the mounting algebra to the computer and, for our boundary condition   (9) one can 

systematically improve on this approximation).  
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We substitute the expansions (7) into our simplified equations (4) and (5) then equating like powers of   K Gives for 0T  the 

equation:
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Subject to boundary condition,    It is easy to show that  
4

0T r and . Therefore, the basic solution is the state of 

simple conduction. Substituting and equating like powers of  yields this sequence of successive linear equations, together 

with boundary conditions 
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It is possible to introduce the quantity average of temperature defined as:  
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Of course for lack of space we omit showing the calculation further than this order if any reader interested to have more 

calculation please contacts the author  

2.2. Pade Approximation 

 Pade approximants has been used in original forms to enable us to increase the range of applicability of the series 

as has been used in the works of Mansour [2] and Mansour [3]. This method does not necessarily require any 

information about the radius of convergence. The Pade approximants provide an approximation that is invariant 

under an Euler transformation of the independent variables. The theory of Pade approximants has been used 

extensively in Mansour [1]. Briefly stated, the Pade approximant is the ratio P ( )/Q ( ) of polynomials P and Q of 

degree m and n, respectively, that, when expanded, agrees with the given series through terms of degree m+n, and 

normalized by P (Q) =1. Such rational fractions are known to have remarkable properties of analytic continuation. 

The coefficients of the power series must be known to degree m+n. By equating like power of g( ) and P( )/Q( ), 

the linear system of m+n+1 equation must be solved to obtain the coefficients in the functional form P( )/Q( ) 

Pade approximation of orders [1/2], [2/3] and [3/4] for  series are respectively:  
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Fig.2. Plots of [8/9], [7/8],[6/7],[5/6 ],[4/5], [3/4]and [2/3] of the Pade approximants for  versus  

When we form the ratios [8/9], [7/8], [6/7],[5/6], [4/5], [3/4]and [2/3] of the Pade approximants, It can be shown, they 

agreed up to the value =.7. This conclusion is confirmed as is plotted in Figure 2. 

3. Conclusion 

     This is problem of the two-dimensional problem of steady natural convection in a horizontal cylinder filled with porous 

medium due to quadratic volumetric generation. The solution is expanded for low Darcy-Rayleigh number and the series 

extended by means of symbolic calculation up to 18 terms. Analysis of these expansions allows the exact computation for 
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arbitrarily accuracy up to 50000 figures. Although the range of the radius of convergence is small but Pade approximation 

leads our result to be good even for much higher value of the similarity parameter we have found extending terms exactly 

by means of symbolic calculation up to 18th order. Then we tried to make analytic continuation by using Pade 

approximation. In other words, we have solved the nonlinear partial differential equation exactly by means of computer and 

that is a real success. Finally we mention recent work of [14] with viscous fluid for micro gap which shows our analytical 

approach more attractive and successful. 
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Abstract 

Heat conduction through eccentric hollow prismatic cylinders has been analyzed using a semi-analytical two-dimensional boundary 

collocation technique. This problem has been solved with the prior assumption of isothermal inner and outer walls. The methodology 

consists in using the exact solution of the governing differential equation of the problem and satisfying the given boundary conditions 

only at finite number of discrete points. Based on the outcome of this method conduction shape factor of such geometries are calculated. 

The position of the eccentric hole in any prismatic cylinder can lead to different orientations. Two orientations are discussed. A 

comparison with existing one dimensional solution to this problem is carried out and found that the present technique can predict more 

accurately than the existing one dimensional approach. 
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Nomenclature 

A, B, C, D, Ak, Bk, Ck, Dk, λk  

unknown constants in Eq. (3) 

D  ratio of ro and ri 

e eccentricity 

E  ratio of e and ri 

Kt thermal conductivity 

M number of collocation points 

N number of regular sides of prismatic cylinder 

Q heat transfer 

r radial coordinate, radius 

ri radius of the inner circular surface 

ro radius of the inscribed circle of the outer regular polygonal surface 

rs radius to the outer surface 

R ratio of r and ri 

R  ratio of rs and ri 

S conduction shape factor 

T temperature 

Yk unknowns 
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Greek symbols 

θ angular coordinate 

Θ dimensionless temperature 

Γ angular direction 

Subscripts 

i  inner 

o outer 

1. Introduction 

Conduction of heat between two isothermal boundaries of any two-dimensional annular region can be calculated using   

Q = Kt·S·dT if the conduction shape factor S is known for such geometries. Here Kt is the thermal conductivity of the solid, 

and dT is the difference in temperature of the two isothermal surfaces. The conduction shape factor depends only on the 

geometrical shape of the body and the position of both isothermal surfaces. In literature the conduction shape factor of a 

variety of geometries are calculated. The shape factor of some commonly used geometry can be found in standard heat 

transfer books [1-2].  

Different hollow prismatic cylinders are widely used in industrial applications. A square cylinder with a concentric 

circular hole is frequently used. Smith et al. [3] used measurement of electrical resistance to calculate the shape factor of 

different hollow cylinders including a square cylinder with a concentric circular hole. Later on Shih [4] used method of 

point matching and calculated shape factor. Dugan [5] used a boundary residual technique to calculate the shape factor more 

accurately. Nickolay et al. [6] used finite element and finite difference for this purpose. 

Regular prismatic cylinders having a circular hole is also used in different engineering applications. Balcerzak and 

Raynor [7] calculated conduction shape factor of regular polygonal cylinder with a concentric circular hole using method of 

conformal mapping. Laura and Susemihl [8] used conformal mapping without a point matching approach. Simeza and 

Yovanovich [9] used parallel flux tube heat flux model and derived approximate analytical expression for evaluating the 

conduction shape factor. Kolodziej et al. [10] used boundary collocation method to find shape factor of regular polygonal 

cylinder with concentric circular hole. Teertstra et al. [11] developed an analytical conduction shape factor model based on 

the equivalent circular annulus with a modified independent parameter. 

Some applications may require an eccentric circular hole in a regular polygonal cylinder (see Fig. 1) rather than a 

concentric circular hole. Secondly, sometimes during the manufacturing process the eccentricity arises. In this work a two-

dimensional boundary collocation method is used to study heat conduction through regular polygonal tubes with eccentric 

circular hole. Recently Moharana and Das [12] used an approximate one dimensional approach to predict heat 

transfer/conduction shape factor of regular polygonal cylinder having an eccentric circular hole. The accuracy of the one 

dimensional approach proposed by Moharana and Das [12] decreases with increase in the value of eccentricity. The present 

two-dimensional solution is more accurate compared to that of Moharana and Das [12]. Secondly, the level of accuracy is 

not affected even at higher value of eccentricity. Based on the temperature profile predicted by the present method, the 

conduction shape factor of different eccentric hollow prismatic cylinders is calculated. 

 

Fig. 1. schematic of regular polygonal tubes with eccentric circular hole. 

2. Boundary collocation method 

Two dimensional semi-analytical boundary collocation method which belongs to the family of boundary procedures has 

been used for two dimensional heat conduction analysis of the domain of this problem. The boundary collocation method 

can be summarized as the method that consists in using the exact solution to the governing differential equation of the 

problem and satisfying the given boundary conditions at a finite number of discrete points along the boundary. An extensive 

review of use of boundary collocation method in linear continuous mechanics is available in Kolodziej [13]. While many 

applications in the field of continuous mechanics of solid structures have evolved [14], limited applications in solving fluid 

flow [13, 15] as well as heat transfer problems [10, 12, 16, 17] are also available. 
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Fig. 2. schematic of the symmetrical module of a regular pentagonal tube with an eccentric circular hole. 

The problem has been solved with the following prior assumptions (a) steady state heat transfer through the tube (b) no 

heat generation in the tube material (c) thermal conductivity of the tube material is constant (d) heat transfer takes place in 

the radial direction only (e) temperature is constant but different over the inner and the outer surface of the tube. . 

Considering symmetry only one half of any polygonal tube between θ = 0, and θ = π in anti-clockwise direction is 

considered in the analysis (See Fig. 2). The non dimensional parameters used are  

   o i o i s i o i iT T / T T , R r / r , R r ( ) / r , D r / r , E e / r          (1) 

where ro is the radius of the inscribed circle of the regular polygon. The governing equation in non dimensional form is 

2 2

2 2 2

1 1 0
R RR R
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Taking the queue from Kolodziej and Strek [10], the generalized variation of temperature in r-θ co-ordinate can be 

expressed as 

k k

k k k
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     (3) 

where A, B, C, D, Ak, Bk, Ck, Dk, λk are unknown constants. The boundary conditions in non-dimensional form are 

/ 0 for 0      

/ 0 for       

1 for R 1    

0 for R R    

(4a) 

(4b) 

(4c) 

(4d) 

Equation (4a) will be fulfilled if C = D = Ck = Dk = 0 for k = 1, 2, 3…Now, application of Eq. (4b) gives λk = k. Substituting 

values of C, D, Ck, Dk, and λk in Eq. (3) 

k k

k k

k 1

(R, ) A Bln R (A R B R )cos(k )





        (5) 

From Eq. (4c) and Eq. (5), A = 1, and Bk = -Ak. Now using value of A, and Bk in Eq. (5) 

k k

k

k 1

(R, ) 1 Bln R A (R R )cos(k )





        (6) 

Introducing new symbols Y1 = B, Y2 = A1, Y3 = A2 and so on in Eq. (6) 

(k 1) (k 1)

1 k

k 2

(R, ) 1 Y ln R Y (R R )cos[(k 1) ]


 



         (7) 

This is the temperature profile in the domain of the problem with Y1, Y2, Y3… as the unknowns. Finally, the boundary 

condition in Eq. (4d) is applied in Eq. (7) to get 
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(k 1) (k 1)

1 k

k 2

Y ln R Y (R R )cos[(k 1) ] 1



 



       (8) 

The expression given in Eq. (8) can not be evaluated explicitly due to the geometry of the outer periphery of the eccentric 

hollow prismatic cylinders with respect to the centre of the inner surface. So at this point, boundary collocation method is 

applied by truncation the infinite series in Eq. (8) to first M terms, and taking M number of collocation points on the 

boundary (outer surface) of the prismatic cylinders. This forms a system of M number of linear equations having M number 

of unknowns, given by  

M
(k 1) (k 1)

1 k

k 2

Y ln R Y (R R )cos[(k 1) ] 1
 



       (9) 

Eq. (9) on solving gives values of unknown constants Yk. Now the non dimensional temperature profile of the eccentric 

hollow prismatic cylinders can be found from Eq. (7) using calculated values of Yk. It may be noted that though some 

approximation is involved in this technique, the accuracy of prediction can be increased by increasing the number of the 

collocation points. This gives the temperature profile as 

N
(k 1) (k 1)

1 k

k 2

(R, ) 1 Y ln R Y (R R )cos[(k 1) ] 



         (10) 

3. Results and discussion 

The expression for the temperature profile given in Eq. (10) is applicable to eccentric hollow prismatic cylinders with 

any number of sides N > 2. The value of R  which is function of angle θ will vary with value of N for any angular position. 

So it is required to express R  as function of angle θ for individual prismatic cylinder. Equation (10) can be used to find the 

shape factor of individual prismatic cylinder. The general form of the shape factor is given by: 

   
0

S / n d 2 / R R d





           (11) 

For the present analysis from Eq. (10) and Eq. (11), the value of the conduction shape factor will be S = -2πY1. Thus, only 

the logarithmic term in Eq. (10) i.e. the coefficient Y1 is only responsible for the magnitude of the conduction shape factor. 

The coefficients Yk can be obtained from Eq. (9). 

Eccentric annulus is a special case of eccentric hollow prismatic cylinders when the number of regular sides of the outer 

surface tends to infinity i.e. N →∞ (see Fig. 3 (a)). Carslaw and Jaeger [18] proposed an expression to predict the 

conduction shape factor of an eccentric annulus with isothermal boundaries, given by 

  1 2 2 2

o i i o

2
S

cosh r r e / 2r r




 
 (12) 

        

(a)                                                                           (b) 

Fig. 3. (a) schematic of an eccentric tube with eccentricity; (b) conduction shape factor in an eccentric circular cross-section. 
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where ri, ro, and e are inner radius, outer radius, and eccentricity between the centre of the inner and the outer surface 

respectively (see Fig. 3 (a)). The present analysis is validated by comparison with Eq. (12), which is presented in Fig. 3 (b). 

Moharana and Das [12] used a one dimensional approximate solution to predict the shape factor of an eccentric annulus, is 

also presented in Fig. 3 (b) for comparison.  Figure 3 (b) presents the variation of conduction shape factor of an eccentric 

annulus as a function of e/ri and ro/ri. For any value of ro/ri the conduction shape factor is increasing with increasing value of 

e/ri, beyond a certain value of e/ri the value of S increases sharply. Secondly, the value of S decreases with increase in value 

of ro/ri. It can be observed in Fig. 2 (b) that the prediction of S from the present analysis is in perfect agreement with that of 

Carslaw and Jaeger [18]. It can also be observed that the predictions by Moharana and Das [12] also give a close agreement 

with the existing analysis but only at lower value of e/ri or higher value of ro/ri. As the value of e/ri increasing or the value of 

ro/ri decreasing, the prediction by Moharana and Das [12] deviates from the value of present analysis. This is because the 

work by Moharana and Das [12] was based on one dimensional approximate analysis. 

In all geometrical configurations discussed in this work, ri is the radius of the inner circular surface, and ro is the radius 

of the inscribed circle of the outer regular polygonal surface. A square cylinder with a concentric circular hole is a widely 

used geometry (see Fig. 4 (a)). Figure 4 (b) depicts a comparison of shape factor calculated using present investigation and 

the previous studies as discussed earlier. The predictions from the present analysis give a very close agreement with 

previous studies. 

              

                (a)                                                                                   (b) 

Fig. 4. (a) square cylinder with a concentric circular hole; (b) its conduction shape factor as a function of ri and ro. 

The position of the eccentric circular hole in any prismatic cylinder can lead to different orientations. In the present work 

only two orientations as shown in Fig. 5 are discussed for each prismatic cylinder. Figure 6 shows the temperature contour 

in a square cylinder where the inner circular hole is placed eccentrically in two geometric orientations as discussed in Fig. 5. 

 

  
(a)                                                                    (b) 

Fig. 5. schematic of regular prismatic cylinders (square and pentagon) with an eccentric circular hole (a) Orientation-I; (b) Orientation-II. 

 
(a)                                                                                                    (b) 

Fig. 6. temperature contour of an eccentric square cylinder having ro/ri = 2.5, e/ri = 0.5 (a) Orientation-I; (b) Orientation-II. 
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The predicted shape factor as a function of eccentricity ratio (e/ri) and radius ratio (ro/ri) is given in Figs. 7 (a) and 7 (b) 

for an eccentric hollow regular pentagonal and hexagonal cylinder, respectively. The shape factor decreases with increasing 

radius ratio (ro/ri) and increases with increasing eccentricity ratio (e/ri) of the circular hole. When e/ri increases, the thermal 

resistance on one side of the duct decreases but on the opposite side it increases. The net thermal resistance decreases with 

increasing eccentricity. When the radius ratio increases always it leads to increase in thermal resistance; thus always the 

shape factor decreases. For every possible geometric configuration the shape factor for two orientation of the circular hole 

(i.e. orientation-I and II; see Fig. 5 for orientations) are depicted in Fig. 7. The shape factor for orientation-I and II remain 

almost equal up to certain value of eccentricity. With increasing eccentricity the shape factor for orientation-I increases 

more rapidly than for orientation-II for same value of eccentricity. For orientation-I the shape factor will approach towards 

infinity at E D 1  . This is because when E D 1  , the eccentric hole will tear off at one point, thus making thermal 

resistance equal to zero. For orientation-II, this situation will arise at a value of E  higher than D 1 . So for equal value of 

eccentricity the shape factor for orientation-II will be either always almost equal or less  than the  value for  orientation-I  

depending on the  value of  eccentricity  while the  radius  ratio is  

constant. For any other orientation other than orientation-I and II the shape factor value will lie between the values for 

orientation-I and II. This is because the tear off distance for any orientation will lie between the tear off distance for 

orientation-I, and II. 

 

 

Fig. 7. conduction shape factor of regular polygonal cylinder with an eccentric circular hole (a) pentagonal; (b) hexagonal cylinder. 

4. Summary and conclusion 

In this work a two dimensional semi-analytical boundary collocation technique is used to predict the heat transfer in 

eccentric hollow prismatic cylinders. The temperature contour in the domain of the problem is predicted and the heat 

conduction is calculated. Based on the outcome of this method conduction shape factor of such geometries are calculated. 

The position of the eccentric hole in any prismatic cylinder can lead to different orientations. Two orientations are 

discussed. A comparison with existing one dimensional solution to this problem is carried out and found that the present 

technique can predict more accurately than the existing one dimensional approach. 
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Abstract 

Numerical study of the influence of Prandtl number on free convection flow phenomena in a solar collector having glass cover plate and 

sinusoidal absorber is done. The working fluid is water-Al2O3 nanofluid.  The cover plate has initially constant temperature Th, while 

bottom absorber is at temperature Tc, with Th > Tc. The remaining walls are considered adiabatic. By Penalty Finite Element Method the 

governing differential equations with boundary conditions are solved. The effect of the Prandtl number on the flow pattern and heat 

transfer has been depicted. Comprehensive average Nusselt number, average temperature and mean velocity inside the collector are 

presented as a function of the governing parameter mentioned above. The highest Pr causes the greatest heat transfer. The enhancing 

performance of heat transfer rate is more effective for the water-Al2O3 nanofluid than the base fluid. 

 
Keywords: Water-Al2O3 nanofluid; solar collector; Prandtl number; finite element method. 

1. Introduction 

Because of the desirable environmental and safety aspects it is widely believed that solar energy should be utilized 

instead of other alternative energy forms, even when the costs involved are slightly higher. The flat-plate solar collector is 

commonly used today for the collection of low temperature solar thermal energy. Solar collectors are key elements in many 

applications, such as building heating systems, solar drying devices, etc. Solar energy has the greatest potential of all the 

sources of renewable energy especially when other sources in the country have depleted. The fluids with solid-sized 

nanoparticles suspended in them are called “nanofluids.” The natural convection in enclosures continues to be a very active 

area of research during the past few decades. Applications of nanoparticles in thermal field are to enhance heat transfer from 

solar collectors to storage tanks, to improve efficiency of coolants in transformers. 

Conventional analysis and design of solar collector is based on a one-dimensional conduction equation formulation [1]. 

The analysis has been substantially assisted by the derivation of plate-fin efficiency factors. The factors relate the design 

and operating conditions of the collector in a systematic manner that facilitates prediction of heat collection rates at the 

design stage. The one-dimensional analysis offers a desired accuracy required in a routine analysis even though a two-

dimensional temperature distribution exists over the absorber plate of the collector. Therefore, for more accurate analysis at 

low mass flow rates, a two-dimensional temperature distribution must be considered. Various investigators have used two 

dimensional conduction equations in their analysis with different boundary conditions.  

 

 

 

* Corresponding author. Tel: +8801913583407 

E-mail address: rehena@math.buet.ac.bd 



 Rehena Nasrin et al. / Procedia Engineering 00 (2012) 000–000  

Nag et al. [2] used the two-dimensional model proposed by Lund, but with convection boundary condition at the upper 

and lower edge of the absorber plate. They solved the governing equations using finite element method. They concluded 

that the isotherms deviated from a one-dimensional pattern for a high flow rate to a predominantly two-dimensional 

distribution for a low mass flow rate. Stasiek [3] made experimental studies of heat transfer and fluid flow across corrugated 

and undulated heat exchanger surfaces. Piao et al. [4] investigated experimentally natural, forced and mixed convective heat 

transfer in a cross-corrugated channel solar air heater. Detailed experimental and numerical studies on the performance of 

the solar air heater were made by Gao [5].  

There are so many methods introduced to increase the efficiency of the solar water heater [6–9]. But the novel approach 

is to introduce the nanofluids in solar water heater instead of conventional heat transfer fluids (like water). The poor heat 

transfer properties of these conventional fluids compared to most solids are the primary obstacle to the high compactness 

and effectiveness of the system. The essential initiative is to seek the solid particles having thermal conductivity of several 

hundred times higher than those of conventional fluids. These early studies, however, used suspensions of millimeter- or 

micrometer-sized particles, which, although showed some enhancement, experienced problems such as poor suspension 

stability and hence channel clogging, which are particularly serious for systems using mini sized and micro sized particles. 

The suspended metallic or nonmetallic nanoparticles change the transport properties and heat transfer characteristics of the 

base fluid. Stability and thermal conductivity characteristics of nanofluids was performed by Hwang et al. [10]. In this 

study,   they concluded that the thermal conductivity of ethylene glycol was increased by 30%. 

The absorptance of the collector surface for shortwave solar radiation depends on the nature and colour of the coating 

and on the incident angle. Usually black colour is used. Various colour coatings had been proposed in [11–13] mainly for 

aesthetic reasons. A low-cost mechanically manufactured selective solar absorber surface method had been proposed by 

Konttinen et al. [14]. These are usually low-cost units which can offer cost effective solar thermal energy in applications 

such as water preheating for domestic or industrial use, heating of swimming pools, space heating and air heating for 

industrial or agricultural applications. The principal requirement of the solar collector is a large contact area between the 

absorbing surface and the air.  

In this paper, we investigate numerically the natural convection inside the solar collector having the flat-plate cover and 

wavelike absorber. The objective of this paper is to present flow and heat transfer used to harness solar energy. 

 

Nomenclature 

Am Dimensionless amplitude of wave 

Cp Specific heat at constant pressure (kJ kg
-1

 K
-1

) 

g Gravitational acceleration (m s
-2

) 

h Local heat transfer coefficient (W m
-2

 K
-1

) 

k Thermal conductivity (W m
-1

 K
-1

) 

L Length of the solar collector (m) 

Nu Nusselt number, Nu = hL/kf 

Pr Prandtl number 

Ra  Rayleigh number 

T Dimensional temperature (
o
K) 

Ti Initial temperature of nanofluid (
o
K) 

u, v Dimensional x and y components of velocity (m s
-1

) 

U, V Dimensionless velocities 

X, Y Dimensionless coordinates 

x, y Dimensional coordinates (m) 

Greek Symbols 

α Fluid thermal diffusivity (m
2
 s

-1
) 

β Thermal expansion coefficient (K
-1

) 

  Emissivity  

  Nanoparticles volume fraction 

ν Kinematic viscosity (m
2
 s

-1
) 

θ Dimensionless temperature 

ρ Density (kg m
-3

) 

λ Number of wave 

μ Dynamic viscosity (N s m
-2

) 
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σ Stefan Boltzmann constant 

  Dimensionless velocity field 

Subscripts 

av average 

c cold 

f fluid 

h hot 

nf nanofluid 

s solid particle 

w top wall 

2. Problem Formulation 

Fig. 1 shows a schematic diagram of a solar collector. The fluid in the collector is water-based nanofluid containing 

Al2O3 nanoparticles. The nanofluid is assumed incompressible and the flow is considered to be laminar. It is taken that water 

and nanoparticles are in thermal equilibrium and no slip occurs between them.  The solar collector is a metal box with a 

cover on top and a dark colored wavelike absorber plate on the bottom. The top horizontal wall has initially constant 

temperature Th, while bottom sinusoidal wall is at temperature Tc, with Th > Tc. The two vertical walls are considered 

adiabatic. The thermophysical properties of the nanofluid are taken from Lin and Violi [15] and given in Table 1. The 

density of the nanofluid is approximated by the Boussinesq model. Only steady state case is considered.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The governing equations for laminar natural convection in a solar collector filled with water-alumina nanofluid in 

terms of the Navier-Stokes and energy equation (dimensional form) are given as: 

Continuity equation: 

0
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u
                                                   (1) 

x-momentum equation: 
2 2

2 2nf nf

u u p u u
u v

x y x x y
 

      
               

  (2) 

y-momentum equation: 
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Fig.1. Schematic diagram of the Solar Collector 
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2 2

2 2
( )nf nf nf nf c

v v p v v
u v g T T

x y y x y
   

      
                 

   (3) 

Energy equation: 
2 2

2 2nf

T T T T
u v

x y x y


    
        

  (4) 

where,  1nf f s       is the density,  

      1p p p
nf f s

C C C       is the heat capacitance,  

 1nf f s      is the thermal expansion coefficient,  

 nf nf p
nf

k C  is the thermal diffusivity,  

the dynamic viscosity of Brinkman model [16] is  
2.5

1nf f  


     

and the thermal conductivity of Maxwell Garnett (MG) model [17] is 
 
 

2 2

2

s f f s

nf f

s f f s

k k k k
k k

k k k k





  


  
 . 

Radiation heat transfer by the top glass cover surface must account for thermal radiation which can be absorbed, 

reflected, or transmitted. This decomposition can be expressed by, 

net absorbed transmitted reflectedq q q q    

Outside the boundary layer, the amount of energy reflectedq  is neglected. 

Thus total energy of the glass cover plate becomes net absorbed transmittedq q q   

Now the amount of transmitted energy is radiated from the cover plate to the bottom wavy absorber without any 

medium as: 

 4 4
transmitted r w cq q A T T    

Here ε is emissivity of the glass cover plate, σ is Stefan Boltzmann constant 5.670400 x 10
-8

 Js
-1

m
-2

K
-4 

and Tw is the 

variable temperature of the top wall. Again, the amount of absorbed energy is transferred from cover plate to bottom 

absorber by natural convection where medium is nanofluid as: 

 absorbed c w iq q hA T T    

So total energy gained or loosed by the cover plate is    4 4
net w i w cq hA T T A T T     

The boundary conditions are: 

at all solid boundaries u = v = 0 

at the top cover plate    4 4
w i w cq hA T T A T T     

at the vertical walls 0




x

T
 

at the bottom wavy absorber T = Tc 

The above equations are non-dimensionalized by using the following dimensionless dependent and independent 

variables: 

 

 

 

 

Then the non-dimensional governing equations are  

0
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f nf

nf f

U U P U U
U V Pr
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 2 2

2 2

1f nf f f s s

nf f nf f

V V P V V
U V Pr Ra Pr

X Y Y X Y

      


   

      
            

    (7) 

2 2

2 2

1
U V

X Y Pr X Y

       
        

         (8) 

where 
f

f

ν
Pr

α
  is the Prandtl number,  

 3

2

f h c

f

g L T T
Ra






 is the Rayleigh number. 

The corresponding boundary conditions take the following form: 

at all solid boundaries U = V = 0 

at the vertical walls 0




X


 

at the bottom wavy absorber   = 0 

2.1. Average Nusselt number 

The average Nusselt number (Nu) is expected to depend on a number of factors such as thermal conductivity, heat 

capacitance, viscosity, flow structure of nanofluids, volume fraction, dimensions and fractal distributions of nanoparticles.  

The local variation of the convective Nusselt number of the fluid at the top cover plate is 
nf

c
f

k T
Nu

k x


 


. 

The non-dimensional form of local convective heat transfer is
nf

c

f

k
Nu

k X


 


.  

By integrating the local Nusselt number over the top heated surface, the average convective heat transfer along the 

heated wall of the collector is used by Saleh et al. [18] as

1

0

c cNu Nu dX  .   

The radiated heat transfer rate is expressed as   

1

0

r rNu q dX  . 

The average Nusselt number is rc NuNuNu   

The mean bulk temperature and average sub domain velocity of the fluid inside the collector may be written as 

/av dV V    and /av dV V   , where V is the volume of the collector. 

3. Numerical Implementation  

The Galerkin finite element method [19, 20] is used to solve the non-dimensional governing equations along with 

boundary conditions for the considered problem. The equation of continuity has been used as a constraint due to mass 

conservation and this restriction may be used to find the pressure distribution. The finite element method is used to solve the 

Eqs. (6) - (8), where the pressure P is eliminated by a constraint. The continuity equation is automatically fulfilled for large 

values of this constraint. Then the velocity components (U, V) and temperature (θ) are expanded using a basis set. The 

Galerkin finite element technique yields the subsequent nonlinear residual equations. Three points Gaussian quadrature is 

used to evaluate the integrals in these equations. The non-linear residual equations are solved using Newton–Raphson 

method to determine the coefficients of the expansions. The convergence of solutions is assumed when the relative error for 

each variable between consecutive iterations is recorded below the convergence criterion such that 1 410n n    , where 

n is the number of iteration and Ψ is a function of U, V and θ. 

3.1.  Mesh Generation 

In the finite element method, the mesh generation is the technique to subdivide a domain into a set of sub-domains, 

called finite elements, control volume, etc. The discrete locations are defined by the numerical grid, at which the variables 
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are to be calculated. It is basically a discrete representation of the geometric domain on which the problem is to be solved. 

The computational domains with irregular geometries by a collection of finite elements make the method a valuable 

practical tool for the solution of boundary value problems arising in various fields of engineering. Fig. 2 displays the finite 

element mesh of the present physical domain. 

 

 

 

 

 

 

 

 

 

 

3.2.  Grid Independent Test 

An extensive mesh testing procedure is conducted to guarantee a grid-independent solution for Ra = 10
4
and Pr = 1.73 in 

a solar collector. In the present work, we examine five different non-uniform grid systems with the following number of 

elements within the resolution field: 2969, 5130, 6916, 9057 and 11426. The numerical scheme is carried out for highly 

precise key in the average convective and radiated Nusselt numbers namely Nuc and Nur for the aforesaid elements to 

develop an understanding of the grid fineness as shown in Table 2 and Fig. 3. The scale of the average Nusselt and 

Sherwood numbers for 9057 elements shows a little difference with the results obtained for the other elements. Hence, 

considering the non-uniform grid system of 9057 elements is preferred for the computation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3: Grid test for the geometry 

Fig. 2: Mesh generation of the collector 

∆T 

Gao et al. [21] Present Work 

Fig. 4: Comparison of present code with Gao et al. [21] with Pr = 0.73 and Ra = 10
4
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3.3. Code Validation 

The present numerical solution is validated by comparing the current code results for heat transfer - temperature 

difference profile at Pr = 0.73, Gr = 10
4
 with the graphical representation of Gao et al. [21] which was reported for heat 

transfer augmentation inside a channel between the flat-plate cover and sine-wave absorber of a cross-corrugated solar air 

heater. Fig. 4 demonstrates the above stated comparison. As shown in Fig. 4, the numerical solutions (present work and Gao 

et al. [21]) are in good agreement. 

4. Results and Discussion  

In this section, numerical results of streamlines and isotherms for various values of Prandtl number (Pr) with Al2O3 

/water nanofluid in a solar collector are displayed. The considered values of Pr are Pr (= 1.73, 2.45, 3.77 and 6.62) while 

the Rayleigh number Ra = 10
4
, the solid volume fraction   = 5%, the emissivity ε = 0.9, the wave amplitude of bottom 

surface Am = 0.075 and number of wave λ = 3.5. In addition, the values of the average Nusselt number both for convection 

and radiation as well as mean bulk temperature and average sub domain velocity profile are shown graphically.  

Fig. 5 (a)–(b) exposes the heat transfer and fluid flow for various Prandtl number Pr (= 1.73-6.62). In this figure we 

observe that as the Prandtl number enhances from 1.73 to 6.62, the isothermal contours tend to get affected considerably. In 

addition, these lines corresponding to Pr = 6.62 become less bended whereas initially (Pr = 1.73) the lines take sinusoidal 

wavelike form. The isotherms cover the whole region of the solar collector due to comparatively higher temperature of the 

working water-Al2O3 nanofluid at the lowest Pr where the contour lines mimic the wall’s (absorber) profile. Rising Prandtl 

number leads to deformation of the thermal boundary layer at the cold wavy absorber.  However, the increase in the thermal 

gradients at the upper horizontal wall is much higher for the considered nanofluid than for the clear water. This means that 

higher heat transfer rate is predicted by the nanofluid than the base fluid (water). The fluid flow covers the entire collector at 

the lowest Pr forming few eddies.  The streamlines have no significant change due to rising Pr except the core of the 

vortices becomes slightly smaller. This is expected because highly viscous fluid having larger Prandtl number does not 

move freely.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6(i)-(iii) displays the Nuc, Nur, θav and av  for the effect of Prandtl number Pr. Mounting Pr enhances average 

Nusselt number for both convection and radiation. From Fig. 6 (i), it is found that, rate of convective heat transfer enhances 

by 26% and 18% for nanofluid and base fluid respectively whereas this rate for radiation is 8% with the increasing values of 

Pr from 1.73 to 6.62.  On the other hand, θav devalues due to the variation of Pr as temperature of fluid grows down with 

growing Pr. av has notable changes with different values of Prandtl number.  

(b) 

Fig. 5: Effect of Pr on (a) Isotherms and (b) Streamlines at Ra = 10
4 
(solid lines for nanofluid 

and dashed lines for base fluid) 
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5. Conclusion  

The influence of Prandtl number on natural convection boundary layer flow inside a solar collector with water-Al2O3 

nanofluid is accounted. Various Prandtl number have been considered for the flow and temperature fields as well as the 

convective and radiated heat transfer rates, mean bulk temperature of the fluids and average velocity field in the collector 

while Ra,   and ε are fixed at 10
4
, 5% and 0.9 respectively. The results of the numerical analysis lead to the following 

conclusions: 

 The structure of the fluid streamlines and isotherms within the solar collector is found to significantly depend 

upon the Pr. 

 The Al2O3 nanoparticles with the highest Pr is established to be most effective in enhancing performance of heat 

transfer rate than base fluid. 

 Average heat transfer is obtained higher for convection than radiation. 

 Mean temperature diminishes for both fluids with rising mentioned parameter.  

 Average velocity field increases due to falling Pr.  

Overall the analysis also defines the operating range where water-Al2O3 nanofluid can be considered effectively in 

determining the level of heat transfer augmentation. 
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Abstract 

Distillation can remove all types of contaminants at any concentration level. In this phase change method the feed water is evaporated into 

steam using a heat source. The vapor formed leaves behind all contaminants in the feed water. The steam led to a condenser gives 

premium quality water with Total Dissolve Solids (TDS) less than 10 ppm. Generation of 1 kg of steam takes about 1kWh of energy 

making it energy and cost intensive. Recycling of latent heat of vaporization by Multi-Effect Distillation (MED) makes the process 

economical. The challenge is to develop small scale MED units for applications in rural areas. The paper describes a Micro Scale MED 

(MSMED) designed specifically for a low heat source where amount of steam generated is low as with small solar energy collectors. An 

earlier MED design by some of the present authors, comprising vertical tube evaporators, condenser and water reservoir was optimized 

for MSMED to work with about 3 kg input of steam at 1.5 bar, which can be generated by a solar concentrator of area 6 m2. Using 3 

effects and a condenser the MSMED was able to produce 11 to 12 liters of water per hour. The Gained Output Ratio (GOR) was 3.6 and 

the heat recovery at every effect was high. The TDS of the distilled water was reduced from an initial value of 748 to less than 10 ppm.. 

 

© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 

of Mechanical Engineers 
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Nomenclature 

A area of cross section of heat transfer 

D water flow rate 

Hfg latent heat of vaporization 

Md rate of condensation  

U  overall heat transfer coefficient 

T temperature difference 

1. Introduction  

High level of water pollution due to industrial activities, growth of population and increasing requirement of water for the 

agricultural sector has led to rampant pollution of water sources. In many areas natural salinity of water is the issue. 

Distillation can remove all types of contaminants at any concentration level. In this phase change method the feed water is 

evaporated into steam using a heat source. The vapors so formed leave behind all contaminants in the feed water. 

Condensation of these vapors gives premium quality water, with total dissolved solids (TDS) as low as 10 parts per million 

(ppm). Energy required for distillation is independent of concentration level of impurities in feed water. The major 

drawback with the distillation process is the high initial energy input. It takes about 1 kWh of energy to produce 1 kg of 
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steam or equivalent amount of distilled water. Recycling of latent heat of vaporization several times, as in multi effect 

distillation, makes the process more economical. The efficiency of heat recycling in distillation is expressed in terms of the 

Gained Output Ratio (GOR). 

In our earlier work a Small scale MED (SMED) was designed with vertical tube evaporators to handle 30 Kg/hr of steam 

generated by a boiler. If steam is produced using solar energy, expenditure on fuel can be saved. Considering that a Fresnel 

mirror collector of 6  can give about 3 kg/hr of steam, a Micro Scale MED (MSMED) was designed for working at this 

level of steam output. In this paper the fabrication and parametric studies on this system are presented.    

 

Fig. 1. Schematic diagram of Micro Scale MED 

2. Design and Fabrication of MSMED system 

The main components of the system as shown in Fig. 1, are vertical tube evaporators (VTEs), condenser, mist eliminators or 

feed entrainment separators, distillate withdrawal capillaries, forward feed and brine transferring capillaries, pump and other 

peripherals. The unit is insulated to minimize heat loss to the surroundings [1-2]. Primary steam from a baby boiler or a 

solar energy source is fed to the tube-side of the first VTE and this gets condensed by transferring its latent heat of 

condensation to the evaporating feed water on the shell-side. The fresh steam formed on the shell side of this VTE carries 

brine mist along with it. To remove the mist, it is passed through an inter-effect mist separator before being fed to the next 

effect and the process is repeated. Due to cyclonic effect heavier water particles settle down in the mist separator and steam 

moves upward due to lower density. The steam is further dewetted using de-mister screens. The steam generated in the last 

effect is condensed in a falling feed water film condenser. This liquid-film is actually the feed water (to be decontaminated) 

which is preheated in the process. The distillate and brine are withdrawn using capillaries, having diameters of 4.5 mm or 

less. The feed water progress is simplest if it passes from effect one to effect two, to effect three, and so on, as in these 

circumstances the feed will flow without pumping. This “forward feed” arrangement also helps in conservation of energy. 

Fresh brine from water storage tank is used for cooling the condenser and returned to the tank. In this way all vapours get 

condensed in the condenser. In our earlier work on a Small scale MED (SMED) each VTE had seven fluted aluminum tubes 

of calculated length and diameter designed for condensing  20 – 30 kg steam at 1.5 bar. Thus  3 – 5 kg steam condenses 

in each tube. Parametric studies were done for this system with 3 – 10 such VTE (effects) [3-5]. In the current study [6-7] 

on MSMED, only one fluted aluminum tube is used per VTE and three such effects are used with a condenser. As the 

dimension of the fluted tube was same as with SMED, in the VTE with one tube about 3 kg of steam can be condensed. In 

Fig. (2-4) the photographs of various fabricated components and assembly of MSMED are shown. 
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Fig.2. Unassembled parts of MED  

 

Fig. 3. Vertical Tube Evaporator 

(a)   (b)   

Fig.4. Micro Scale Multi Effect Distillation (MSMED) Unit (a) before insulation (b) after Insulation. 
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3. Calculations for Operating Conditions  

3.1 Heat transfer area 

The distillation process requires a large heat transfer area. The overall heat transfer coefficient U can be as high as 14,000 

W/m
2
/K for a thin film vertical tube evaporator (VTE) using single fluted tubes. However, U=10,000 W/m

2
-K was assumed 

in the present design, for readily available outside fluted 24 mm diameter aluminium tubes that are used in the construction 

of the VTEs. These tubes are commonly used as curtain rods. Further, considering the temperature difference, ΔT, across 

tube and shell sides of VTE as 5 °C (even though condensation of liquid for a heat transfer temperature difference of 2 °C 

has been reported), the heat transfer area is calculated using equation:  

Md Hfg = UAT                                                                                                                           

Assume Hfg = 2257 kJ/kg 

U = 10000 W/M
2
-K 

T = 5K 

Here,  Md  and Hfg are respectively the rate of condensation of steam, and latent heat of vaporization. 

For a steam condensation rate (i.e., distillate flow rate) of 3 Kg/h, 0.0565 m
2
 of heat transfer area is required for the values 

of ΔT and U assumed. Considering handling convenience and total height of VTE, a shell length of 0.75 m was needed to 

form the evaporator section of VTE. However, the actual tube length taken is 0.9 m; this account for projections outside 

tube plate and also the length of feed water jacket where feed water is sprayed. The value is close to that required for a 

temperature difference of 5 °C as assumed. There are 21 numbers of flutes in each tube, with flute depth of 0.50 mm, 

running along the length of the tubes. Fluting increases the actual area of heat transfer and also ensures very thin films at the 

ridges. This would allow for heat transfer for much smaller temperature differences between tube and shell side. For 

similarity in construction, the heat transfer area is kept identical in all VTEs, and also in the final condenser. 

4. Experimental Results 

Analysis and investigations were done with the MSMED, (3 effects + Condenser). The unit was operated with input primary 

steam pressure supplied by a baby boiler in the range of 1.2 bar gauge to 1.6 bar gauge with increment of input steam 

pressure of 0.2 bar. All the readings namely pressure, temperature and distillate production were measured and recorded at 

different locations for each input steam pressure. The sum of distilled water produced from each effect, or cumulative 

distillate production, at a given input steam pressure, is the indicator of plant performance. At each input pressure the whole 

set of readings were repeated four times and the average figures obtained. 

In table 1 the amount of distillate, D1 – D3 in the three effects and D4 in the condenser, and total cumulative distillate D, 

are shown, for the insulated system. It is seen that inlet pressure of 1.4 bar gives optimal distillate output. Table 2 shows the 

recovery ratio at each effect for different steam input pressures. It was also seen that the heat transfer is high and optimal at 

1.4 bar input pressures, and, the overall heat transfer coefficient (OHTC) was found to be in the range of 6000-7000 W/M
2
-

K. This is less than the figures obtained in Sen et al. [3-5], because the feed water was not pre-heated, and part of the 

evaporator tube length was used up in raising the feed water temperature to saturation. 

 

Table 1. Distilled water flow rate at different inlet steam pressures 

 
distilled water flow rate D1(kg/h) D2(kg/h) D3(kg/h) D4(kg/h) D=  GOR 

(D/D1) 

inlet pressure 1.2 bar gauge 3 2.85 2.55 2.4 10.8 3.6 

inlet pressure 1.4 bar gauge 3.1 2.96 2.72 2.69 11.47 3.7 

inlet pressure 1.6 bar gauge 3.15 2.96 2.66 2.55 11.32 3.59 

 

Table 2. Recovery ratio at different inlet steam pressures 

 
Recovery ratio D2/D1 D3/D2 D4/D3 

inlet pressure 1.2 bar gauge 0.95 0.89 0.94 

inlet pressure 1.4 bar gauge 0.995 0.92 0.98 

inlet pressure 1.6 bar gauge 0.94 0.90 0.96 
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Conclusion 

An efficient MSMED system for rural communities has been designed, fabricated and optimized.  As for rural application, 

where decentralized production and supply of water is needed, the plant should be small, cost effective and easy to 

construct, operate and maintain. Overall features and conclusions drawn are summarized below: 

1) The unit designed and fabricated is rugged and robust and can easily be installed and operated in rural circumstances by 

rural populations with a little training. 

2) The unit is capable of producing 80 to 90 liters distilled water per day, for about 7 hrs of operation. 

3)  Very high overall heat transfer coefficients (OHTCs) were obtained i.e. in the range of 6,000 – 7000 W/m
2
-K, due to 

simultaneous phase change on both sides of the heat exchanger tubes, viz. condensation of steam in the tube side, and 

evaporation of feed water in the shell side. 

4) On increasing the input steam pressure, the quantity of distillated water increases and reaches a maximum value at the 

respective optimum pressure of 1.4 bar gauge for 3 effects + Condenser.  

5) At the inlet steam pressure of 1.4 bar gauge the Gained Output Ratio is 3.7. This indicates effective utilization of 

energy. 

6) The system has reduced TDS from initial value of 748 ppm to 7 ppm. The performance depends on quality of feed 

water and proper functioning of VTEs and demisters. From the output results obtained we can say that fabricated VTEs 

and demisters are working well as the quality of distilled water depends on the demister. The minimum recorded TDS 

value of distilled water was 7 ppm and maximum was 9 ppm. 

7) If steam is raised using solar energy there will be considerable saving of energy, since the main energy input is for 

raising the primary steam in the baby boiler.  
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Abstract 

MHD (magnetohydrodynamic) free convection flow of viscous incompressible fluid with temperature dependent thermal conductivity in 

presence of heat absorption along a uniformly heated vertical wavy surface have been numerically solved and analyzed. Using suitable set 

of dimensionless variables the governing boundary layer equations are first transformed into a non-dimensional form. The resulting 

nonlinear system of partial differential equations are mapped into the domain of a vertical flat plate and then solved numerically 

employing the implicit finite difference method, known as the Keller-box scheme. . The numerical results of the skin friction coefficient, 

the rate of heat transfer in terms of local Nusselt number, the streamlines as well as the isotherms are presented graphically for different 

values of thermal conductivity parameter  and heat absorption parameter Q for a fluid having Prandtl number equal to 1. 
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Nomenclature 

Cfx local skin friction coefficient 

Cp specific heat at constant pressure (Jk/gK) 

f dimensionless stream function 

g  acceleration due to gravity (m/s
2
) 

Nux local Nusselt number 

P pressure of the fluid (N/m
2
) 

T temperature of the fluid in the boundary layer (K) 

Tw temperature at the surface (K) 

T temperature of the ambient fluid (K) 

u, v dimensionless velocity components along the (x, y) axes (m/s) 

x, y axis in the direction along and normal to the tangent of the surface 

 

Greek symbols 

 amplitude-to-length ratio of the wavy surface 
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β  volumetric coefficient of thermal expansion (1/K) 

β0 applied magnetic field strength 

 dimensionless temperature function 

 stream function (m
2
/s)

 

 viscosity of the fluid (kg/ms)
 

ν  kinematic viscosity (m
2
/s) 

 density of the fluid (kg/m
3
) 

σ0 electrical conductivity 

σ(x) surface profile function defined in equation (1) 

 

Subscripts 

w wall conditions 

 ambient conditions 

 

Superscripts 

'      differentiation with respect to η 

1. Introduction 

The effect of Heat generation/absorption of the laminar free convection flow of an electrically conducting fluid and heat 

transfer problem has been presented by many investigators because of its considerable practical applications. It is also 

necessary to study the heat transfer from an irregular surface because irregular surfaces are often present in many 

applications, such as radiator, heat exchangers and heat transfer enhancement devices. Yao [1] first investigated the natural 

convection heat transfer from an isothermal vertical wavy surface and used an extended Prantdl’s transposition theorem and 

a finite-difference scheme. Vajravelu and Hadjinolaou [2], studied the heat transfer characteristics in the laminar boundary 

layer of a viscous fluid over a stretching sheet with viscous dissipation or frictional heating and internal heat generation. In 

this study they considered that the volumetric rate of heat generation, q  [
3/ mW ], should be q

m
 = Q0(T- T), for   TT  

and equal to zero for   TT , where 0Q  is the heat generation constant. The above relation explained by Vajravelu and 

Hadjinolaou [2], is valid as an approximation of the state of some exothermic process and having T  as the onset 

temperature. When the inlet temperature are not less than T they used q
m
 = Q0(T- T). Hossain and Munir [3] studied 

numerically natural convection flow of a viscous fluid about a truncated cone with temperature dependent viscosity and 

thermal conductivity. Molla et al. [4] considered natural convection flow along a vertical wavy surface with uniform surface 

temperature in presence of heat generation/absorption. Very recently, Parveen and Alim [5] investigated MHD free 

convection flow along a vertical wavy surface with temperature dependent thermal conductivity in presence of heat 

generation. 

The above literatures survey it is found that MHD free convection flow of an electrically conducting fluid variation of 

thermal conductivity with temperature in presence of heat absorption along a vertical wavy surface has not been studied yet 

and the present work demonstrates the issue. In this paper, attention has been given to a study of the free convection flow of 

a viscous incompressible fluid and temperature dependent thermal conductivity along a heated vertical wavy surface in 

presence of heat absorption. The surface shear stress in terms of local skin friction coefficient and the rate of heat transfer in 

terms of local Nusselt number, the streamlines as well as the isotherms patterns are shown graphically for the effect of 

varying the heat absorption and the thermal conductivity parameter. 

2. Formulation of the problem 

The boundary layer analysis outlined below allows )(X  being arbitrary, but our detailed numerical work assumed that 

the surface exhibits sinusoidal deformations. The wavy surface may be described by 











L

Xn
XYw


 sin)(   (1) 

where L is the wave length associated with the wavy surface. 

The geometry of the wavy surface and the two-dimensional cartesian coordinate system are shown in Fig. 1. 
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Fig. 1. Physical model and coordinate system 

 

Under the usual Boussinesq approximation, the flow governed by the following dimensionless form of the governing  

0









y

v

x

u
                                                        (2) 

   























Mu

y

u

y

p
Gr

x

p

y

u
v

x

u
u xx 2

2
24

1

1  (3) 

  2

2

2
24

1

1 u
y

u

y

p
Gr

y

u
v

x

u
u xxxxx  



























 (4) 

     








Q
yyy

v
x

u xx 


























2

2

2

2
2 1

Pr

1
11

Pr

1
  (5) 

In the above equations Pr, Q,  and M are respectively known as the Prandtl number, heat absorption parameter, thermal 

conductivity variation parameter and magnetic parameter, which are defined as  
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The variable thermal conductivity chosen in this study which is used by Hossain and Munir [3] as follows: 

    TTkk *1    (7) 

where k  is the thermal conductivity of the ambient fluid and and  * is a constant. 

Following Yao [1], here introduce the following non-dimensional variables 
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Equation (4) indicates that the pressure gradient along the y-direction is )( 4
1

GrO , which implies that lowest order 

pressure gradient along x-direction can be determined from the inviscid flow solution. For the present problem this pressure 

gradient ( 0 xp ) is zero. Equation (4) further shows that ypGr  /4
1

 is O(1) and is determined by the left-hand 

side of this equation. Thus, the elimination of yp  /  from Equations (3) and (4) leads to 
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The corresponding boundary conditions for the present problem are 
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Now we introduce the following transformations to reduce the governing equations to a convenient form: 

),(,),,( 4
1

4
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 xyxxfx 


   (11) 

where η is the pseudo similarity variable and ψ is the stream function.  

Introducing the transformations given in Equation (11) into Equations (9) and (5) the momentum and energy equations 

are transformed the following forms, 
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The boundary condition (10) now take the following form: 
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The rate of heat transfer in terms of the local Nusselt number, Nux and the local skin friction coefficient, Cfx take the 

following forms: 

 
1

24( / ) 1 1 ( , )x xNu Gr x x o  


   
  (15) 

1
24( / ) / 2 1 ( , )fx xC Gr x f x o      (16) 

3. Method of Solution 

This paper concerns the MHD free convection flow of viscous incompressible fluid along a uniformly heated vertical 

wavy surface in presence of heat absorption with temperature dependent thermal conductivity along a vertical wavy surface. 

The governing Equations (12) and (13) with the boundary conditions in Equation (14) are solved numerically using the very 

efficient implicit finite difference method known as Keller box scheme developed by Keller [6].  

4. Result and Discussion 

Numerical values of the shear stress in terms of the skin friction coefficients Cfx, the rate of heat transfer in terms of the 

Nusselt number Nux, the streamlines and the isotherms are presented graphically for different values of heat absorption 
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parameter Q = 0.0 to -0.6 and temperature dependent thermal conductivity parameter  = 0.0 to 10.0 while magnetic 

parameter M = 0.5, Prandtl number Pr = 1.0 and the amplitude-to-length ratio of the wavy surface  = 0.3 are fixed. 

The effect of heat absorption parameter Q the local skin friction coefficient Cfx and the rate of heat transfer in terms of 

the local Nusselt number Nux against x from the wavy surface while  = 0.3, M = 0.5,  = 4.0 and Pr = 1.0 are displayed in 

Fig. 2(a) and 2(b) respectively. From Fig. 2, it is observed that for increasing values of Q, the skin friction coefficient 

decreases and the heat transfer rate increases along the upstream direction of the surface. The presence of heat absorption (Q 

< 0) creates a layer of cold fluid adjacent to the heated surface and therefore the rate of heat transfer in terms of the local 

Nusselt number from the surface increases. 

The skin friction coefficient Cfx and local rate of heat transfer Nux for influence of  are illustrated by Fig. 3 while  = 0.3, 

M = 0.5, Q = -0.2 and Pr = 1.0. It is noted that an increase in the values of , the skin friction coefficient and the heat 

transfer rates increase monotonically along the upstream direction of the surface.  

Figs. 4 and 5 illustrate the effect of heat absorption parameter Q on the development of streamlines and isotherms profile 

which are plotted for  = 0.3, Pr = 1.0,  = 4.0 and M = 0.5. The maximum values of , that is, max are 9.01, 6.15, 4.31 and 

3.27 for Q = 0.0, - 0.2, - 0.4 and - 0.6 respectively. It is observed that as the values of Q increase the velocity boundary layer 

becomes thinner gradually. The same result is observed on the isotherms profile due to increase value of Q. Finally it is 

concluded that for the effect of heat absorption parameter Q both the velocity of the fluid flow and temperature distribution 

within the boundary layer decrease. 

The effects of  equal to 0.0, 2.0, 6.0 and 10.0 on the streamlines and isotherms profile are depicted by the Figs. 6 and 7 

respectively while Pr = 1.0,  = 0.3, Q = -0.2 and M = 0.5. Fig. 6 depicts that the maximum values of  increases steadily 

while the value of   increases. The maximum values of , that is, max is 2.88 for  = 0.0, max is 4.75 for  = 2.0, max  is 

7.24 for  = 6.0 and max is 8.90 for  = 10.0. From Fig. 7, it is noted that the temperature distribution also increases for 

increasing value of  . 
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Fig. 2. Variation of (a) skin friction coefficient Cfx and (b) rate of heat transfer Nux against x for different values of heat absorption parameter Q while Pr  = 

1.0,  = 0.3, M = 0.5 and   = 4.0. 
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Fig. 3. Variation of (a) skin friction coefficient Cfx and (b) rate of heat transfer Nux against x for different values of thermal conductivity parameter  with  

= 0.3, M = 0.5, Q = - 0.2 and Pr = 1.0. 
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Fig. 4. Streamlines for (a) Q = 0.0 (b) Q = - 0.2 (c) Q = - 0.4 and (d) Q = - 0.6 while Pr = 1.0, M = 0.5,   = 4.0 and  = 0.3. 

 

0 2 4 6 8 10x
0

5

10

15

20

y

0
.0

6

0.13

0
.1

9

0.50

0.81

0.
25

0.81

0
.5

0

0.94

0
.5

0

0
.3

1

0
.0

6

0
.2

5

0.63

(a)

   0 2 4 6 8 10x
0

5

10

15

20

y 0
.0

6

0
.0

6

0.06

0.29

0.65
0.76
0.53

0.41

0.5
3

0.71

0.1
2

0.
53

0.29

0.59

(b)

 

0 2 4 6 8 10x
0

5

10

15

20

y

0
.0

3

0.
06

0
.0

6

0.
11

0.
39

0.67

0.22 0.28

0.67 0.72

0.
06 0

.1
7

0.28

0.83

(c)

   0 2 4 6 8 10x
0

5

10

15

20

y

0.06

0.060.17

0.11

0.
39 0.61

0.56

0.11
0.28

0.78

0.17

0.72

0.
22

0
.0

1

0.
03

(d)

 

Fig. 5. Isotherms for (a) Q = 0.0 (b) Q = - 0.2 (c) Q = - 0.4 and (d) Q = - 0.6 while Pr = 1.0, M = 0.5,   = 4.0 and  = 0.3. 
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Fig. 6. Streamlines for (a)   = 0.0 (b)   = 2.0 (c)   = 6.0 and (d)   = 10.0 while  = 0.3, M = 0.5, Q = - 0.2 and Pr = 1.0. 
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Fig. 7. Isotherms for (a)   = 0.0 (b)   = 2.0 (c)   = 6.0 and (d)   = 10.0 while  = 0.3, M = 0.5, Q = - 0.2 and Pr = 1.0. 

5. Conclusion 

The effect of heat absorption on MHD free convection flow with temperature dependent thermal conductivity along a 

vertical wavy surface has been studied numerically. The present investigation can be concluded as follows: 

 The skin friction coefficient decreases and the rate of heat transfer increases in the presence of heat absorption. The 

velocity and thermal boundary layer becomes thinner for the effect of heat absorption.  

 Increasing values of temperature dependent thermal conductivity variation parameter , the skin friction coefficient 

and the local rate of heat transfer significantly increase in the upstream region.  

 The velocity of the fluid flow and the temperature distribution of the fluid within the boundary layer significantly 

increase for increasing values of  .  
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Abstract 

The present study deals with steady natural convection flow in a rectangular cavity containing internally heated and 

electrically conducting fluid. The bottom wall is non-uniformly heated while the upper wall of the cavity is well 

insulated. The left and right vertical walls are maintained at constant hot and cold temperature respectively. Numerical 

results have been obtained for the effect of various internal and external Rayleigh numbers and Hartmann numbers. 

Results are presented in the form of streamlines, isotherm contours. Average Nusselt numbers are expressed as a 

function of Rayleigh number. It is found that the temperature, fluid flow and heat transfer strongly depend on internal 

and external Rayleigh numbers and Hartmann numbers. 

Keywords: natural convection; heat generation; non-uniform heating; rectangular cavity. 
____________________________________________________________________________________________________________ 

1. Introduction 

 
         Natural convection heat transfer induced by internal heat generation has received considerable 

attention because of its numerous application in geophysics and energy related engineering problems. 

Oreper and Szekely, 1983 [1] studied the effect of an externally imposed magnetic field on buoyancy 

driven flow in a rectangular cavity. Ozoe and Maruo, 1987 [2] investigated magnetic and gravitational 

natural convection of melted silicon and used two dimensional numerical computation for the rate of heat 

transfer. Garandet et al., 1992 [3] studied natural convection heat transfer in a rectangular enclosure with a 

transverse magnetic field. Rudraiah et al., 1995 [4] investigated the effect of surface tension on buoyancy 

driven flow of an electrically conducting fluid in a square cavity in the presence of a transverse magnetic 

field to see how this force damps hydrodynamic movements. 

 

      Gelfgat and Yoseph, 2001 [5] studied the effect of an externally imposed magnetic field on the linear 

stability of steady convection flow in a horizontally elongated rectangular cavity. Sarris et al., 2005 [6] 

presented a numerical study of two dimensional natural convection of an electrically conducting fluid in a 

laterally and volumetrically heated square cavity under the influence of a magnetic field. Mehmet and Elif, 

2006 [7] studied the natural convection flow under a magnetic field in an inclined rectangular enclosure 

heated and cooled on adjacent walls. Kandaswamy et al., 2008 [8] studied MHD natural convection in an 

enclosure with partially active vertical walls. Nithyadevi et al., 2009 [9] studied magnetoconvection in a 

cavity with partially active vertical walls having time periodic boundary condition. Kahveci et al., 2009 

[10] studied MHD natural convection flow and heat transfer in a laterally heated partitioned enclosure.  

 

As per author’s knowledge the literature review revealed that non-uniform temperature profile in the wall 

was not used in he magnetohydrodynamic natural convection flow in a rectangular cavity with heat 

generation. In this paper the investigation is carried out on the MHD natural convection flow in a 

rectangular cavity filled with heat generating fluid having parabolically heated bottom wall.  
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2. Formulation of the problem  

    A rectangular cavity filled with viscous incompressible fluid is shown in the Fig. 1. The cavity 

dimensions are defined by L for width .and H for height. The cavity is isothermally heated from the left 

vertical wall with a uniform constant temperature Th and the right vertical with temperature )( chc TTT  . 

The bottom horizontal wall is heated with )1()(
L

x

L

x
TTT chh   while the remaining wall is 

considered perfectly insulated.  

 
 

     Steady two-dimensional laminar magnetohdrodynamic free convective flow of viscous incompressible 

Boussinesq fluid such as water, air etc.  with constant properties is assumed. Under these assumptions, 

equations of mass, momentum and energy are 
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The boundary conditions are:  

u(x,0)=u(x,H)=u(0,y)=u(L,y)=0, 

v(x,0)=v(x,H)=v(0,y) =v(L,y) =0. 

T(x,0)= )1()(
L

x

L

x
TTT chh   , T(0,y)= hT , T(L,y)= cT  ,    0),( 




Hx

y

T
. 

where u and v are the velocity components in the x and y directions respectively;  is the fluid density, β is 

the coefficient of thermal expansion, cp is the fluid specific heat, Q is the rate of internal heat generation per 

unit volume, B0  is the magnetic induction,    is the thermal diffusivity and ν kinematic viscosity of the 

fluid. To make the above equations dimensionless we introduce the following non-dimensional variables: 
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Fig. 1   Physical model and coordinate system 
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 where    is the dimensionless temperature. 

 Substitution of the dimensionless variables into the Eqs.(1)-(4) leads to: 
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In the above equations RaE is the external Rayleigh number , RaI  is the internal Rayleigh number , Pr is the 

Prandtl number and Ha is the  Hartmann number defined respectively by the following equations. 
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The dimensionless boundary conditions are: 

U(X,0)=U(X,A) =U(0,Y)=U(1,Y)=0, 

V(X,0)=V(X,A) =V(0,Y)=V(1,Y)=0, 

 (X.0)=1- X(1-X)   (0,Y)=1,  (1,Y)=0 , 0),( 



AX

Y


 

 where LHA /  is the aspect ratio of the cavity which is taken as 0.75. The heat transfer coefficient in 

terms of local Nusselt number is defined by
n

Nu






 where n denotes the normal direction on a plane.  

The average Nusselt numbers at the bottom and side walls are computed as  


1

0

dXNuNu bb ,         

A

ss dYNu
A

Nu
0

1
 

 The discretization process involves a certain amount of error, which can be systematically reduced by a 

series of grid refinements. To this end, five types of grid densities have been chosen to check for the self-

consistency of the present study. The grids chosen are: (a) 22342 nodes, 3453 elements, (b) 28455 nodes, 

4421 elements (c) 35796 nodes, 5589 elements (d) 41124 nodes, 6424 elements (e) 47212 nodes, 7387 

elements. Type (c) mesh density was found to give sufficient accuracy with modest computational time, and 

hence selected for the simulation study. 

      

The governing Eqs.(5)-(8) along with the boundary conditions are solved numerically, employing finite 

element method based on Galerkin weighted residual formulation. To ensure   convergence of solutions the 

following criteria is applied to all dependent variables over the solution domain 



Author name / Procedia Engineering 00 (2012) 000–000 

                              ERMAX
n

ji

n

ji 
1

,,  

 where   represents the dependent variables U, V, P and T ;the indexes i, j refers to space coordinates and 

the index n is the current  iteration.. The value of ERMAX is chosen as 10
- 5

. 

 
Table 1.  Comparison of present numerical results with those obtained by Sathiyamoorty et al., 2007  [11]for the case Pr = 0.71 

in the absence of magnetic field.             

             

     RaE                bNu (Present work)         bNu  (Sathiyamoorty et al.)     

     103                    3.7196                                   3.7294  

     104                    4.7520                                   4.7753 

     105                    6.8042                                   6.8272 

 

3. Results and Discussions 

      

      Numerical results are presented to determine the effects of internal heat generation and magnetic field 

on the natural convection flow of an electrically conducting fluid in a rectangular cavity. The three 

governing parameters in this problem are the internal Rayleigh number RaI , the external Rayleigh number 

RaE  and the Hartmann number Ha, Values of the internal Rayleigh number RaI  range from 10
2

  to 10
5

 and 

the Hartmann number Ha from 00 to 50  while Pr=0.71 is kept fixed.    
 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

                Fig. 2. Contour                    Fig. 3. Contour                     Fig. 4. Contour                    Fig. 5. Contour  
                plots for RaE=103,                plots for RaE=103                  plots for RaE=103                 plots for RaE=103 

               RaI=102, Ha=20                    RaI=103, Ha=20                    RaI=104, Ha=20                   RaI=105, Ha=20 

               streamline(top);                    streamline(top);                     streamline(top);                   streamline(top); 
               isotherm(bottom)                  isotherm(bottom)                  isotherm(bottom)                 isotherm(bottom     
    

 The effects of internal Rayleigh number RaI  has been considered first on the flow and temperature fields. 

The resulting flows of fluid and its temperature distributions have been shown in Figs. 2-5. where the top 

row gives the streamlines and the bottom row gives the isotherms for increasing values of internal Rayleigh 

number RaI=10
2
, 10

3
, 10

4
 and 10

5
  with Pr=0.71 , RaE=10

3
  and Ha=20. Because of parabolic temperature 

profile in the bottom wall and uniformly heated left vertical wall fluid rises up along the left wall of the 

cavity and flow down along the right wall forming a single cell called primary cell as shown in the of Fig. 

2(top). A single cell is formed because the internal Rayleigh number RaI  is smaller than the external 

Rayleigh number RaE . With the increase of the internal Rayleigh number a secondary cell has been 

developed in top left corner of the cavity as shown in the  Fig. 4(top). The increasing rate of heat within the 

cavity due to the increase of the internal Rayleigh Number leads to increase the flow rate in the secondary 

cell as well as increase in its size until it occupies half of the cavity. This effect of internal Rayleigh number 

on the flow field is reasonable since internal heat generation assists the buoyancy forces by accelerating the 

fluid flow. The left cell revolves anticlockwise because of greater internal Rayleigh number and the right 

cell revolves clockwise as expected. The fluid temperature increases significantly due to increase of the 
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internal Rayleigh number which is shown in the isotherms of  Figs. 2-5 (bottom). It is clearly seen that 

owing to the increase of the internal Rayleigh Number the fluid temperature exceeds the surface 

temperature.  

 

    Figs. 6-9 depicts the effects of Hartmann number Ha on the flow and temperature fields. The flow and 

temperature distributions have been shown in these figures where the top row gives the streamlines and the 

bottom row gives the isotherms for increasing values of  Ha= 00, 10, 20, 50 with the external Rayleigh 

number   RaE=10
3
 , the internal Rayleigh number RaI=10

4
 and Pr=0.71.  
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    Here two cells are formed as the internal Rayleigh number is greater than the external Rayleigh number. 

From the figures as shown in the top rows, it can be seen that intensities of the flow decrease owing to 

increase in the magnetic field. Because of the decrease of the intensity of the flow the left cell is becoming 

smaller. This is expected since presence of magnetic field usually retards the velocity field.  

 

     The corresponding effects of increasing Hartmann number on the isotherms may be viewed from the 

Figs. 6-9(bottom). It is seen that the isotherms become more curved due to the increase of the magnetic 

field strength, which is expected; since the magnetic field resists the flow.  

 

 

 

                

                

              

                 

                   (a)                                            (b)                                         (c)                                          (d)       

Fig. 10: Nusselt number as a function of external Rayleigh number for the (a) non-uniformly heated bottom wall and (b) heated left 

wall for varying RaI with Ha=20 (c) non-uniformly heated bottom wall  and (d) heated left wall for varying Ha with RaI= 104, all with 
Pr=0.71. 

     

     The overall effects of internal Rayleigh number RaI on the average Nusselt number for non-uniformly 

heated bottom wall and heated left wall for Pr=0.71, and internal Rayleigh number RaI= 10
2
, 10

3 
, 10

4  
and 

10
5 
 are displayed in Figs. 10(a) and (b) via average Nusselt number vs external Rayleigh number plot. It is 

seen that the average Nusselt Number is negative for both the non-uniformly heated bottom wall and heated 
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left wall. In both the cases heat transfer is very high for RaI= 10
5 
. 

     The effects of Ha on the average Nusselt number for bottom wall and left wall for Pr=0.71 and RaI=10
4 

and. are shown in Figs. 10(c) and (d).  Initially at RaE =10
3
 the heat transfer on the bottom wall is positive 

and left wall is negative. It is observed that the average Nusselt number smoothly increases as the external 

Rayleigh number increases. In both the cases average Nusselt numbers  are reduced as the strengths of the 

applied magnetic field are increased. 

4.  Conclusion  

    Natural convection flow and heat transfer in a rectangular cavity in the presence of magnetic field is 

numerically investigated by using finite element method. The investigation is carried out to find the affect 

of the internal Rayleigh number RaI  and Hartmann number Ha. Internal Rayleigh number RaI affects the 

flow structure and heat transfer inside the cavity. The heat transfer is enhanced with increasing internal 

Rayleigh number. The flow characteristics and heat transfer mechanisms inside the cavity also depend 

strongly upon the strength of the magnetic field. Strong suppression of the convective current can be 

obtained  by applying strong magnetic field. This is why, reductions in the average Nusselt number Nu are 

produced as the strengths of the applied magnetic field are increased. Thus significant effect of the 

magnetic field is observed in the heat transfer mechanisms.  
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Abstract 

At present Closed Loop Pulsating Heat Pipe (CLPHP) is a novel cooling strategy for successful thermal management though it is a 

complex heat transfer device having a strong thermo-hydrodynamic coupling to govern the thermal performance. This research is to study 

the effect of inclination angle and working fluid on the heat transfer characteristics and performance of CLPHP. The performance 

characterization has been done using two different working fluids of water and ethanol with inclination angle of 0˚ (vertical), 30˚, 45˚, 

60˚, 75˚ and 90˚ (horizontal). The experiment is conducted on a CLPHP made of 148 cm long copper capillary tube of 3.0 mm outer 

diameter and 2.0 mm inner diameter creating a total of 13 turns. The total length of evaporator section is 39.5 cm and condenser section is 

31.5 cm; while the rest is assumed to be adiabatic. The evaporator section is heated by electrical heat input, while the condenser section is 

cooled by atmospheric air flow. Since a PHP is recognized as a two phase heat transfer device, for comparative studies it is operated as a 

double-phase system by filling it 70% with the working fluid. The comparative study results in a better understanding of the underlying 

physics of the PHP operation. The experimental results indicate a strong influence of gravity and thermo physical properties of the 

working fluid on the performance of the CLPHP. The results demonstrate the effect of the input heat flux, inclination angle and 

physiochemical properties of the working fluid on the thermal performance of the device.   

 

© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 

of Mechanical Engineers 
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Nomenclature 

R thermal resistance, ˚C/W                                                 T  temperature along the heat pipe, ˚C 

ΔT temperature drop along the device, ˚C                            Q          heat input, W
  
 

L length of heat pipe, cm                                                    D         diameter of heat pipe, mm 

IA           Inclination angle, ˚                                                          FR       filling ratio, % 

Subscripts 

th  thermal                                                                             e          evaporator section 

a             adiabatic section                                                              c          condenser section 
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1. Introduction 

Meandering tube pulsating heat pipes (PHPs) have already found some applications in micro and power electronics 

applications owing to favorable operational characteristics coupled with relatively cheaper costs. Although grouped as a 

subclass of the overall family of heat pipes, the subtle complexity of thermo-fluidic transport phenomena is quite unique 

justifying the need of a completely different research outlook. A closed loop pulsating or oscillating heat pipe consists of a 

metallic capillary tube wound in a serpentine manner and joined end to end as shown in Fig. 1. The empty capillary tube is 

filled partially or completely with the working fluids, which distributes itself naturally in the form of liquid–vapor slugs and 

bubbles inside the capillary tube. 

A heat pipe is a heat transfer mechanism that combines the principles of both thermal conductivity and phase transition to 

efficiently manage the transfer of heat between two solid interfaces. This type of heat pipe is essentially a non-equilibrium 

heat transfer device. Groll [1], Nishio [2] and Shafii et al. [3] investigated that the sensible heat transfer was the major 

contributor in the overall heat exchange. Gaugler et al. [4] suggested the serpentine designs of heat pipes. However, it was 

not well appreciated until Grover et al. [5] invented its remarkable properties and began further development. Eastman et al. 

[6] first discussed applications of flexible, arterial, and flat plate heat pipes to areas outside of government concern. A heat 

transfer analysis of an inclined two-phase closed thermo siphon was developed by Zuo [7]. Amount of working fluid 

remained almost constant for a large range of inclination angles (0˚-70˚) and then significantly increased for further increase 

of inclination angle. At a certain inclination angle, the mean heat transfer co-efficient of the thermo siphon reached a 

maximum value. 

2. Design and construction 

The three basic components of a heat pipe are the container, working fluid and the wick or capillary structure. The 

function of the container is to isolate the working fluid from the outside environment. It has to therefore be leak-proof, 

maintain the pressure differential across its walls, and enable transfer of heat to take place from and into the working fluid. 

A first consideration in the identification of a suitable working fluid is the operating vapor temperature range. Within the 

approximate temperature band, several possible working fluids may exist, and a variety of characteristics must be examined 

in order to determine the most acceptable one. Prime requirements are compatibility with wick structure, thermal stability, 

high latent heat and thermal conductivity, low viscosity etc. The wick is a porous structure made of materials like steel, 

aluminum, nickel or copper in various ranges of pore sizes. The prime purpose of the wick is to generate capillary pressure 

to transport the working fluid from the condenser to the evaporator. 

2.1. PHP design 

The cooling device performance depends on its structure, shape, material and length. Thermal performance of any device 

vastly depends on a parameter known as thermal resistance.  

Thermal resistance can be defined as: 

Rth= ΔT/Q                                                                                                                                                  (1) 

The overall thermal resistance of a pulsating heat pipe composed of several components from evaporator to condenser. 

These are: two conductive thermal resistances in the wall Rwall, thermal resistance due to evaporation at evaporator R evap, 

thermal resistance due to condensation at condenser Rcond, thermal resistance along the heat pipe length R l-v, two contact 

resistances due to surface roughness Rcont. The conductive thermal resistance of the wall is negligible by using a wall 

material of high thermal conductivity. Resistance in the evaporator of heat pipe can be estimated to be between 0.001˚C/W 

and 1.180 x 10 
-4˚C/W by using water or ethanol which has been widely approved to have better transport capabilities. Best  

evaporation resistance is achieved due to the best heat transfer in the case of square channel is due to the liquid film 

evaporation enhancement in the channel angles and best bubble rise in that case. For the same reason, a similar range for the 

heat transfer coefficient in the condensation region can be applied. Liquid vapor thermal resistance along the PHP, Rl-v, is 

the most important part of the thermal chain and is a function of the pressure and temperature state conditions from the 

evaporator to the condenser and this resistance determines the PHP heat transfer rate. This is influenced by number of turns, 

inclination angle, filling ratio, area of PHP etc. Generally PHPs should introduce small contact resistances. Usually in power 

electronics, contact thermal resistances appear between the power module and the cooling device, heat sink or heat 

exchanger due to the surface roughness. 

                                                                                                                                             

http://en.wikipedia.org/wiki/Thermal_conductivity
http://en.wikipedia.org/wiki/Phase_transition
http://en.wikipedia.org/wiki/Interface_%28chemistry%29
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                           Fig. 1.  Closed loop PHP                                                                                    Fig. 2. Experimental setup 

2.2. Heat transfer mechanism in heat pipes 

Heat pipes rely on a temperature difference between the ends of the pipe, and cannot lower temperatures at either end 

beyond the ambient temperature. When one end of the heat pipe is heated the working fluid inside the pipe at that end 

evaporates and increases the vapor pressure inside the cavity of the heat pipe. The latent heat of evaporation absorbed by the 

vaporization of the working fluid reduces the temperature at the hot end of the pipe. The vapor pressure over the hot liquid 

working fluid at the hot end of the pipe is higher than the equilibrium vapor pressure over condensing working fluid at the 

cooler end of the pipe, and this pressure difference drives a rapid mass transfer to the condensing end where the excess 

vapor condenses, releases its latent heat, and warms the cool end of the pipe. Non-condensing gases in the vapor impede the 

gas flow and reduce the effectiveness of the heat pipe, particularly at low temperatures, where vapor pressures are low. In 

the case of vertically-oriented heat pipes the fluid may be moved by the force of gravity.  

An interesting property of heat pipes is the temperature over which they are effective. Initially, it might be suspected that 

a water-charged heat pipe would only work when the hot end reached the boiling point (100°C) and steam was transferred to 

the cold end. However, the boiling point of water is dependent on absolute pressure inside the pipe. In an evacuated pipe, 

water will boil just slightly above its melting point (0°C). The heat pipe will operate, therefore, when the hot end is just 

slightly warmer than the melting point of the working fluid. Similarly, a heat pipe with water as a working fluid can work 

well above the boiling point (100°C), if the cold end is low enough in temperature to condense the fluid.  

3. Experimental method 

3.1. Experimental setup 

The experimental setup is shown in Fig. 2. The setup consists of a meandering heat pipe (Di: 2mm, Do: 3mm, L: 148cm, 

material: copper), creating a total of 9 turns. The heat pipe is divided into 3 regions- the evaporator (39.5cm), adiabatic 

section (77cm) and the condenser (31.5cm).18 thermocouples (Type K (Chromel/Alumel); range: -200°C to +1200°C) are 

glued to the wall of heat pipe; 6 for each sections. These are compatible with the digital thermometer (Y type) used in 

temperature measurement. The evaporator section is inside an aluminum box, separated from outside using mica sheets, 

glass wool etc. with Nichrome wire (diameter = 0.25 mm, resistivity: 1.0 × 10
−6

 
 
Ω-m, specific heat: 450 Jkg

−1
K

−1
) wounded 

inside, which is heated by a power supply unit (AC, 220V, 50Hz) via a variac (3F, 300V,60 Hz). For cooling the working 

fluid, forced convection is used by a DC fan. The whole apparatus is set on a wooden test stand with provision of angular 

movement of the PHP. For avoiding complicacy, working fluids are incorporated in the heat pipe manually. The other 

accessories of the setup are adapter circuit, selector switches etc.  

3.2. Experimental procedure 

 After the construction of the whole setup the experiment is carried out. 

 The experiment is performed for two different working fluids and six different angular orientations of the heat pipe. 

 First the heat pipe is filled 100% by working fluid water (injecting by syringe) keeping the PHP  in vertical (0˚) position. 

 Different heat inputs were provided to the system and temperature reading of different sections were measured by digital 

thermometer. 

http://en.wikipedia.org/wiki/Latent_heat
http://en.wikipedia.org/wiki/Melting_point
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 Then the position  is changed to 30˚, 45˚, 60˚, 75˚, 90˚ positions  and keeping the filling ratio the same, above procedure 

is repeated later on. 

 The above three steps are carried out systematically for the working fluid ethanol. 

 For cooling the condenser a cooling fan is used. It is connected to an adapter circuit. 

4. Results and discussion 

The experiments being carried out for water and ethanol and for 6 different angular orientations of the heat pipe, provide 

a similar trend of thermal characteristics. In this research, the value of thermal resistance is considered as an indication of 

efficiency, i.e. higher value of Rth refers to higher difference of temperature between evaporator and condenser section and 

eventually indicates a higher efficiency of the system.   

4.1. Characteristics of  temperature distribution 

The Temperature vs. Heat input curves show a similar pattern for all the experimental conditions. So a typical curve is 

presented in Fig.3, which is taken for 60˚ inclination with water as working fluid. In fact, for all the experimental cases, the 

curves at first increase rapidly with heat input and then the rate of increase becomes slow to some extent. This is same for 

all the temperature data; i.e. for evaporator, condenser and adiabatic section. But, certainly, the rate of increase is different 

for different regions. After reaching the boiling point, the temperature increase in evaporator slows down due to the heat 

required in phase transfer. Slowing down of the temperature increase in the condenser section can be attributed to the fact 

that, at some point of time, it becomes close to the room temperature. So no further need of cooling is then necessary. 

Temperature in the evaporator rises higher in case of water compared with in that of ethanol. This is due to the difference in 

boiling temperature of them (water: 100˚C; ethanol: 78.1˚C). An adiabatic region was considered to be present in between 

the evaporator and the condenser, where temperature was expected to be constant throughout. But, in the assumed adiabatic 

region, temperature was not found to be constant; it increased at a small rate with input heat. Temperature distribution along 

the heat pipes can be summarized to be in somewhat exponential pattern for evaporator and condenser section. 

4.2. Variation of thermal resistance 

Thermal resistance is considered in this paper as an indicator of heat pipe effectiveness. It is defined as the ratio of 

difference in average temperature of evaporator section and average temperature of condenser section for any instance to the 

heat input at that time. It indicates how much resistance does heat experiences in the system; so that the condenser region 

temperature cannot rise very high, and the system thus seems to be effective in cooling purpose. The curves of thermal 

resistance are of similar pattern for all the cases. They are maximum at minimum heat input and minimum at maximum heat 

input; i.e. thermal resistance has an inverse relationship with heat input. These curves follow an exponential pattern, and a 

typical graph is shown in Fig.4, which is taken from the data set of 60˚ inclination with water. But, the fall of thermal 

resistance is not of the same rate for all cases, it varies up to some extent. The thermal resistance, Rth falls slowly in the 

inclined mode, in fact in the range of 30˚ to 75˚, so this working range is found to be more effective. As we have already 

mentioned that higher resistance means higher efficiency, so we can state that with highly heated appliances, heat pipe 

efficiency will fall down. But yet, this fall can be controlled with proper designing, which includes appropriate working 

fluid, filling ratio and inclination angle.  

4.3. Effect of working fluid 

  By comparative analysis of experimental data, water is found to be a better working fluid than ethanol in the work 

endeavor. This is an expected behavior due to their thermo physical properties. Water boils at higher temperature (100˚C) 

than ethanol (78.1˚C). Moreover, water has a higher specific heat value (Cp= 4.187) than ethanol (Cp= 2.44). So heat is 

accumulated in water is higher in amount than ethanol; that allows it to keep the condenser region temperature low and 

resulting in better working efficiency. The optimum quantity of working fluid needed depends on various parameters and is 

still an area of research, as stated by Khandekar et al. [8] and Groll [1]. The curves show more or less an exponential 

pattern. 
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           Fig. 3.  Variation of temperature with heat input                     Fig.4.  Variation of thermal resistance with heat input 

 

        Water shows higher thermal resistances than ethanol in subsequent cases, which is shown in Fig. 5.Thermal resistances 

drop with increase in heat input initially with higher slope in the curves. But, as heat input increases, the slope of the curves 

are smaller, indicating the smaller rate of decrease in thermal resistances. 

4.4. Effect of inclination 

        The effect of heat flux in vertical orientation has been experimentally noted down by Tong et al. [9] and Khandekar et 

al. [10].In vertical mode the vapor bubbles which take up heat in the evaporator grow in size. Their own buoyancy helps 

them to rise up in the tube section. Simultaneously other bubbles, which are above in the tube, are also helped by their 

respective buoyant forces. These rising bubbles in the tube also carry the liquid slugs trapped in between them. In this mode 

of operation there is a natural tendency for the liquid slugs to travel downwards, helped by gravity force, toward the 

evaporator. In horizontal mode (90° inclination angle) of operation, there was hardly any macro movement of bubbles. This 

strongly suggests that gravity does play a role in the PHP. Since gravity force is ineffective, all the movement of bubbles 

and slugs has to be necessarily done by the pressure forces. These forces are created due to temperature difference, which 

exists between evaporator and condenser. At 60° to 75° inclination, closed loop PHP performs better than other position. 

Comparative analysis of inclination is shown in Fig.6. Effect of gravity, pressure differential in the system, temperature etc 

may have influence in this fact. 

5. Summary and conclusions 

        Closed loop pulsating heat pipes are complex heat transfer systems with a very strong thermo- hydrodynamic coupling 

governing the thermal performance. The effect of pressure, bubble formation and phase transfer is very important in design 

of heat pipes. Different heat input to these devices give rise to different flow patterns inside the tubes. This in turn is 

responsible for various heat transfer characteristics. The study strongly indicates that design of these devices should aim at 

thermo-mechanical boundary conditions which resulting convective flow boiling conditions in the evaporator leading to 

higher local heat transfer co-efficient.  
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Fig. 5.  Comparative study of working fluids 
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Fig. 6. Comparative thermal resistances with varying inclination 

The inclination operating angle changes the internal flow patterns thereby resulting in different performance levels. In 

this research, best performance is obtained at 75˚ orientation. In all circumstances, water provided to be better performing 

than ethanol in the experiment. This can be well attributed to their thermo-physical properties. A close comprehensive look 

is required for designing heat pipes, as their performance is a function of orientation, filling ratios and working fluid. Most 

satisfactory pattern of design may vary up to some extent from case to case. 
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Abstract 

   Thermal control is a generic need for any heat dissipation system. Heat pipes emerge as the most appropriate technology 

and most thermal effective solution due to their excellent heat transfer capability, heat transfer efficiency and structural 

simplicity. In many engineering applications higher heat flux is important. Two phase passive devices are proven solutions 

for modern microelectronics thermal management. This paper attempts to describe the heat transfer characteristics of closed 

loop pulsating heat pipe (CLPHP) which are new entrants in the family of closed passive two phase heat transfer system. It 

also shows the comparison of thermal efficiency of CLPHP for different filling ratios with two different working fluids, 

water and ethanol. This device is a combination of lot of events and mechanisms like bubble nucleation, collapse and 

agglomeration, bubble pumping action, pressure and temperature perturbations, flow regime changes, dynamic instabilities, 

meta-stable non equilibrium conditions, flooding, bridging etc. All contribute towards the thermal performance of a device. 

But, such a complex operating mechanism is not understood well yet and the present state of the art cannot predict the 

required design parameters for a given task. The aim of research work presented in this paper is to better understand the heat 

transfer characteristics of these mechanisms through experimental investigations. Experiments are conducted on a CLPHP 

made of capillary tube of 2.2mm inner diameter. The heat transfer characteristics and the performance of the CLPHP are 

investigated for filling ratios of 100 %, 82.5%, 63%, 41.3% and 28%. The results indicate that the performance of this 

device changes with the changing of working fluid, filling ratios and heat input. 
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Nomenclature 

Eo        Eötvös number 

Δρ       Density difference of two phases  

G         Gravitational force 

L          Characteristics length 

OD      Outer diameter of tube 

ID       Inner diameter of tube 

Greek symbol 
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         Surface tension 

         Density 

a           Acceleration associated  with body force 

r            Radius of capillary tube 

γ            Surface tension of interface 
Subscripts 

liq         Liquid 

vap       Vapour 

crit       Critical    

1.  Introduction 

Heat pipe is device of very high thermal conductance. The idea of heat pipe was first suggested by Gaugler [1]. It was not, 

however, until its independent invention by Grover [2], Grover et al. [3] that the remarkable properties of the heat pipe 

became appreciated and serious development work took place. The main difference between the heat pipe and the thermo-

siphon is orientation. In thermo-siphon, the evaporator has to be in lower side and the condenser is in upper side so that, 

after condensation the condensate will go downward due to the gravitational force, but in heat pipe the evaporator can be in 

any orientation. In this experiment, a thermo-siphon is used for observing its pulsating action under different heat input, 

filling ratio and different liquid. Here, condenser is placed in upper side, so the gravitational force will assist the liquid to 

move downward. There are different types of heat pipe. Pulsating or oscillating heat pipe is one of them. The general 

configuration of pulsating heat pipe is shown in Fig. 1. The pulsating heat pipe was first introduced by Akachi et al. [4]. 

Typically it comprises of a tube of capillary dimension, which has been evacuated and partially filled with the working 

fluid. Surface tension of liquid effects result in the formation of slugs of liquid interspersed with bubbles of vapour. The 

operation of pulsating heat pipes are outlined as, when one end of the of the capillary tube is heated (the evaporator), the 

working fluid evaporates and increases the vapour pressure, thus causing the bubbles in the evaporator zone to grow. This 

pushes the liquid towards the low temperature end (the condenser). Cooling of the condenser results in a reduction of vapour 

pressure and condensation of bubbles in that section of the heat pipe. The growth and collapse of bubbles in the evaporator 

and condenser sections, respectively, results in an oscillating motion within the tube. Heat is transferred through latent heat 

in the vapour and through sensible heat transported by the liquid slugs. The performance of a pulsating heat pipe depends on 

several parameters. They are (i) working fluid, (ii) internal diameter, (iii) total tube length, (iv) length of condenser, 

evaporator and adiabatic section, (v) number of turns and loops, and (vi) inclination angle.  

 

 
Fig 1: Pulsating heat pipe 

 

The present experiment is done by two different working fluids. One is water and another is ethanol. The choice of 

working fluid depends on various properties. A first consideration in the identification of the working fluid is the operating 

vapour temperature and its inherent thermal conductivity. Within the acceptable temperature range several fluids can show 

the desired property and a variety of characteristics has to be examined in order to determine the most acceptable of these 

fluids for the application being considered. The prime requirements are as follows [5-10]: (i) good thermal stability, (ii) 

moderate vapours pressure on the operating temperature range, (iii) high latent heat, (iv)  high thermal conductivity, (v) high 

surface tension, (vi) acceptable freezing or pour point, (vii) low liquid and vapour viscosity, and (viii) high 

 

dP

dT

  

that 

means the change of pressure is high with the change of temperature. Higher value of this parameter indicates high bubble 

formation and high heat transfer. The selection of the working fluid is also dependent on the base of thermodynamic 

consideration which is concerned with the various limitations of heat flow occurring within the heat pipe like viscous, sonic, 

capillary, entrainment and nucleates boiling limitation. In our experiment, water and ethanol are used as working fluid. At 

21.5 
0
C, the surface tension force of water and ethanol is 72.75 cp and 21.25cp, respectively. As surface tension of water is 
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higher than ethanol, water will create good pumping action and bubble formation than ethanol which is essential for high 

heat transfer. Vapour pressure and merit number are two parameter used to screen potential working fluid. Merit number is 

a means of ranking the heat pipe fluids. The merit number of water and ethanol is 1.63x 10
11

 and 1.61x 10
10

 As, water has 

higher merit number than ethanol indicating higher surface tension and latent heat of vaporization which are the prior 

requirement for high heat transfer. According to merit number rating, water is more effective working fluid than ethanol in 

the basis of heat transfer. 

 

2. Experimental setup 

 

 A circular heat pipe is built using capillary copper tubing with OD 2.3 mm and ID 2.2 mm. The total length of the pipe is 

155 cm. The tubes are bent on U shape. Two of the bends, located at two extreme ends were kept longer on one side to 

complete the closed loop circuit through the T connector. The T connector is used for entering fluid in the pipe. Formation 

of slug in a capillary tube is attributed to the balance of gravity and surface tension forces, leading to the definition of 

Eötvös number or alternatively the Bond number. The theoretical maximum tolerable inner diameter of the PHP capillary 

tube is given by the following equation:  

 
1/22[ ( )] (1)crit liq vapD g   

 
The  Eötvös number is  

2( ) (2)Eo gL  

 

The relationship between Bond number and Eötvös number is 

 

2( ) (3)Eo Bo
 

where,  Bond number is  
2

(4)
aL

Bo





 

For successful pumping action inside the heat pipe the surface tension force has to be higher than the gravitational force. 

For this, the bond number value should be less than 2. The diameter of the tube should be lower of the critical diameter for 

the development of bubble pumping action. So, for the experiment the experimental diameter is chosen such that it 

coincides with the requirement. The whole experiment is done on vertical position which is denoted as 0
0 

inclinations 

throughout the literature. The PHP is to be filled by different amount of working fluid.  In this experiment, the filling ratios 

are 28%, 63%, 41.3%, 82.5%, and 100% for both working fluids. The filling procedure is done by a syringe injector. The 

filling is done thorough the T connector. After filling the tube on their desired filling ratios, the evaporator section has to be 

heated by the variac. By changing the variac voltage, different voltage and current are supplied to the evaporator. For 

heating the evaporator, nichrome wire is coiled in the evaporator and this wire is connected to the variac. For cooling the 

condenser a cooling fan is used. So the cooling is appeared to be done by forced convection. It is connected to an adapter 

circuit. The cooling fan is operated by DC current. So, the adapter circuit is used to convert the AC current to DC current. 

The air speed delivered by fan is around 3 m/s. The K type thermocouples are used to monitor the temperature of different 

position of the heat pipe. The temperature is recorded on a regular time interval. Generally, the time interval is 10 minutes. 

The temperature is recorded when the steady state condition is reached.   

 

3. Results and Discussion 
 

3.1. Effect of filling ratio on thermal resistance with different heat input 

 

For both water and ethanol, the highest thermal resistance is obtained at lower heat input. Thermal resistance of ethanol 

is higher than water which indicates the low heat transfer through ethanol than water. With the increase of filling ratio, 

thermal resistance along with the rate of change of thermal resistance changes for both fluids. For water, at lower heat input 

and lower filling ratio, initially thermal resistance falls quickly. Figure 2 shows that at 45% filling ratio, the lowest thermal 

resistance is obtained for 5.3W and 11.5W heat input. Beyond that, it increases with filling ratio. At higher heat input as 

21.1W, 29.75W, 47.6W and 57.8W and lower filling ratio, thermal resistance is lower because of the transformation of flow 

regime from slug flow to annular. So, heat transfer rate is higher. But, thermal resistance increases with the filling ratio and 

at nearly 50% -70% filling ratio, it remains constant indicating the presence of a vapour layer in the internal tube surface. 



Himel Barua et al. / Procedia Engineering 00 (2012) 000–000 

Heat transfer rate is nearly constant throughout that region. At higher filling ratio with the same heat input, the amount of 

evaporation decreases along with the temperature difference of evaporator and condenser which decreases the heat transfer. 

At lower heat input, with lower filling ratio, the heat transfer is dominated by conduction through the tube body and the 

liquid movement. For Ethanol, at 5.3W heat input and 28% filling ratio, thermal resistance is nearly 9.3, which is higher 

than water in same temperature and filling ratio. But, with the increment of filling ratio at same heat input, the thermal 

resistance falls drastically. So, the heat transfer rate increases quickly. In Fig. 3 it can be found that for lower heat inputs as 

5.3W and 11.5W, the change rate of thermal resistance is higher. But, at higher heat inputs, between 21W to 57.8W, heat 

transfer is nearly constant throughout that region due to low thermal resistance change. The lowest thermal resistance is 

obtained at 68.9W heat input and beyond 60% filling ratio for all heat input. 

  

 
Fig 2: Variation of thermal resistance with filling ratio for water 

 

 

 

 
Fig 3: Variation of thermal resistance with filling ratio for ethanol 

 

 

3.2. Effect of heat input on thermal resistance of water and ethanol with different filling ratio  

 

 Thermal resistance is reciprocal function of heat input and linear function of temperature difference of evaporator and 

condenser. With the increment of heat input, thermal resistance decreases. For water, at lower filling ratio and at lower heat 

input, thermal resistance is high because of the lack of internal energy in water. Figure 4 shows the variation of thermal 

resistance with heat input for water. For 28% filling ratio and at lower heat input, the thermal resistance is nearly 1.7 which 

is higher than ethanol in same heat input. With the increment of heat input for the same filling ratio, thermal resistance 

decreases quickly and heart transfer increases. But with the increase of filling ratio, the rate of decrement of thermal 

resistance goes down which indicates the slow increment of heat transfer rate. From Fig. 4, we can see that the highest 

thermal resistance for lower heat input is obtained at 100% filling ratio and the lowest is obtained for 28% at 70W heat 

input. Figure 5 shows that for ethanol at 28% filling ratio, thermal resistance is highest because of low specific heat of 

ethanol. For low heat input, temperature rise is low along with heat transfer. But, with the increment of heat input, thermal 

resistance changes drastically, specifically between 5W – 20W heat input. Beyond that region, the rate of change is lower 

and heat transfer seems nearly constant. With the increase of filling ratio, the thermal resistance at lower heat input 

decreases. As, the amount of working fluid is higher, the amount of evaporation is low, bubble formation is lower too. Heat 

transfer through advection dominates the system and heat transfer rate increases. But, for all the filling ratios, between 20W- 
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50W heat inputs, thermal resistance shows linear characteristics indicating the initialization of phase change. Beyond 60W 

heat input, for all filling ratios, turbulence of flow occurs due to high heat input and the flow rate increases, results increase 

of heat transfer and drop of thermal resistance. 

 

 
 

 
 

Fig 4: Variation of thermal resistance with heat input for water 

 

 

 
 

Fig 5: Variation of thermal resistance with heat input for ethanol 

 

 

3.3. Effect of filling ratio on evaporation and condenser temperature for water and ethanol 

 

Evaporation temperature increases with the increment of heat input. Maximum evaporation temperature will be obtained 

at the highest heat input. At 68.9 W heat input, the highest temperature is obtained and the minimum is at 5.3W for both 

water and ethanol. The evaporation temperature of water is higher than ethanol in same heat input. With the increment of 

heat input, the evaporation temperature rises. Figure 6 shows that for water, at same heat input, evaporator temperature 

decreases with the rise of filling ratio till 70%. Beyond 70% filling ratio, the evaporation temperature rises with the 

increment of filling ratio. From Fig.7 it can be found that for ethanol, the evaporation temperature remains constant 

throughout the filling ratio beyond 80%. Initially, the rate of increment of evaporation temperature is high, but, with 

increment of filling ratio, the rate mitigates. The change rate of evaporation temperature of water is higher than the ethanol. 

The lowest evaporation temperature is obtained at 70% filling ratio for water and at 100% for ethanol at different heat input.  

With the increment of heat input, condenser temperature increases for both water and ethanol. But, the condenser 

temperature profile with respect to change of filling ratio is different for water and ethanol. Figure 8 shows that for water at 

lower heat input, initially condenser temperature increases in slow rate with the increment of filling ratio. But, beyond 40% 
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filling ratio, the temperature reduces and reaches the lowest temperature at filling ratio nearly 60%. At that filling ratio 

thermal resistance is moderate. Beyond 60% filling ratio, condenser temperature increases slowly and the thermal resistance 

remains nearly same till 80%. After that, with the increment of filling ratio, condenser temperature remains nearly constant 

along with thermal resistance.  

 

 

 
Fig 6: Variation of evaporation temperature with filling ratio for water 

 

 

 

 
Fig 7: Variation of evaporation temperature with filling ratio for ethanol 

 

 

 
 

Fig 8: Variation of condenser temperature with filling ratio for water 
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Fig 9: Variation of condenser temperature with filling ratio for Ethanol 

 

The lowest condenser temperature of water is obtained near 40% filling ratio for all the high heat inputs beyond 29.75W. 

At that filling ratio, thermal resistance is lower for high heat inputs which have already been shown in Fig 2. For ethanol, 

the condenser profile is relatively smooth in comparison with the water. The lowest condenser temperature is found in the 

lowest heat input. And, with the increment of filling ratio, condenser temperature drops. Figure 9 shows that initially, the 

condenser temperature drops quickly but, with the increment of filling ratio the rate of change of condenser temperature 

becomes low. Near 60% filling ratio, the graph seems flat. At 80% filling ratio, the condenser temperature is the lowest 

along with thermal resistance for all heat input. Beyond that point, condenser temperature rises with the increment of filling 

ratio. 

4.  Conclusions 

From the investigation of this heat pipe at different heat input, filling ratio and fluid, the following findings are obtained. 

For lower heat input, water is better working fluid than ethanol at wide range of filling ratio in the basis of heat transfer. But 

in higher heat input (more than 70W), both the working fluid shows nearly same thermal resistance. So, though in lower 

heat input, water transfers more heat than ethanol, in high heat input, both shows similar heat transfer rate. For water, both 

at lower and higher heat input, lower filling ratio shows less thermal resistance and most optimum heat transfer is obtained 

at nearly 30% filling ratio. For ethanol, at low heat input, the best performance is obtained at high filling ratio beyond 50% 

in the basis of heat transfer. For high heat input, it works as a effective working fluid at all filling ratio which indicates that, 

ethanol shows high heat transfer rate at high heat input for all filling ratio. For same filling ratio and heat input, water shows 

higher evaporation temperature than ethanol. For water, with the increase of filling ratio, evaporation temperature decreases 

and the lowest temperature is obtained at nearly 70% filling ratio. Beyond that filling ratio temperature increases again. In 

other case, for ethanol, evaporation temperature decreases with the filling ratio up to 80%. Beyond that, the temperature 

remains nearly constant. For water, initially condenser temperature decreases with the increment of filling ratio. Beyond a 

certain filling ratio it increases again. For ethanol, in all heat input, condenser temperature decreases with the rise of filling 

ratio up to 80% filling ratio. Beyond that, the temperature remains nearly constant. 
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Abstract 

An experimental investigation was carried for measuring tube-side heat transfer coefficient, friction factor, heat transfer enhancement 

efficiency of water for turbulent flow in a circular tube fitted with rectangular-cut twisted tape insert. A copper tube of 26.6 mm internal 

diameter and 30 mm outer diameter and 900 mm test length was used. A stainless steel rectangular-cut twisted tape insert of 5.25 twist 

ratio was inserted into the smooth tube. The rectangular cut had 8 mm depth and 14 mm width. A uniform heat flux condition was created 

by wrapping nichrome wire around the test section and fiber glass over the wire. Outer surface temperatures of the tube were measured at 

5 different points of the test section by T-type thermocouples. Two thermometers were used for measuring the bulk temperatures. At the 

outlet section the thermometer was placed in a mixing box. The Reynolds numbers were varied in the range 10000-19000 with heat flux 

variation 14 to 22 kW/m2 for smooth tube, and 23 to 40 kW/m2 for tube with insert. Nusselt numbers obtained from smooth tube were 

compared with Gnielinski [1] correlation and errors were found to be in the range of -6% to -25% with r.m.s. value of 20%. At 

comparable Reynolds number, Nusselt numbers in tube with rectangular-cut twisted tape insert were enhanced by 2.3 to 2.9 times at the 

cost of increase of friction factors by 1.4 to 1.8 times compared to that of smooth tube. Heat transfer enhancement efficiencies were found 

to be in the range of 1.9 to 2.3 and increased with the increase of Reynolds number. 

 

© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 

of Mechanical Engineers 

 
Keywords:  Heat transfer enhancement; rectangular–cut twisted tape insert; heat transfer enhancement efficiency. 

1. Introduction 

To improve the performance of heat exchanging devices for reducing material cost and surface area and decreasing the 

difference for heat transfer thereby for reducing external irreversibility, lot of techniques have been used. Among different 

passive means to increase heat transfer coefficient, twisted tape inserts are promising. The secondary flow (swirl flow) 

generated by twisted tape effects fluid flow across the tape-partitioned tube, promotes greater mixing and higher heat 

transfer coefficients. Experimental investigation of heat transfer and friction factor characteristics in a double pipe heat 

exchanger fitted with regularly spaced twisted tape elements were studied by Eiamsa-ard et al., 2006. Heat transfer, friction 

factor and heat transfer enhancement efficiency characteristics in a circular tube fitted with conical-ring turbulators and a 

twisted-tape swirl generator have been investigated experimentally by Promvonge and Eiamsa-ard, 2007. Influences of 

insertion of wire coils in conjunction with twisted tapes on heat transfer and friction characteristics in a circular tube using 

air  as   the  test   fluid  were   experimentally  investigated   by  Promvonge, 2008.   Eiamsa-ard  et al., 2009,  experimentally  
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Nomenclature 

A Area of the heated region of tube (m
2
)  

Af  Flow area (m
2
) 

cp Specific heat of water at constant pressure (J/kg.K) 

di Tube inner diameter (m) 

do Tube outer diameter (m) 

f Friction factor (-) 

h Heat transfer coefficient (W/m
2
.K) 

k Thermal conductivity of water (W/m.K) 

kw Thermal conductivity of tube material (W/m.K) 

L Effective tube length for heat transfer (m) 

Lt Length between tappings (m) 

m Mass flow rate of water (kg/s) 

Q Heat transfer rate (W) 

Q  Volume flow rate (m
3
/s) 

q Heat flux (W/m
2
) 

T Temperature (
o
C) 

Um  Mean velocity (m/s) 

Nu Nusselt number (-) 

Nuth Nusselt number from Gnielinski, 1976 correlation (-) 

Pr Prandtl number (-) 

Re Reynolds number (-) 

y Tape pitch (m) 

w Tape width (m) 

p Pressure drop (N/m
2
) 

Greek symbols 

 Tape thickness (m) 

 Density of water (kg/m
3
) 

 Dynamic viscosity of water (kg/m.s) 

 Heat transfer enhancement efficiency (-) 

Subscripts 

b Bulk 

e With insert 

i Local value  

in Inlet 

out Outlet 

pp Constant pumping power 

s For smooth tube 

wi Inner surface 

wo Outer surface  

                                                                                                                                                                                                         

investigated the influences of the tube with short-length twisted tape inserts on the heat transfer, friction factor, and heat 

transfer enhancement efficiency. Heat transfer, friction factor and heat transfer enhancement efficiency behaviors in a tube 

equipped with the combined devices between the twisted tape and constant/periodically varying wire coil pitch ratio were 

experimentally investigated by Eiamsa-ard et al., 2010a. Eiamsa-ard et al., 2010b experimentally determined the influences 

of twin-counter/co-twisted tapes on heat transfer rate, friction factor, and heat transfer enhancement efficiency. Heat 

transfer, flow friction and heat transfer enhancement efficiency characteristics in a tube fitted with delta-winglet twisted 

tape, using water as working   fluid   were   investigated   experimentally   by   Eiamsa-ard  et  al.,  2010c.   Murugesan  et  

al.,  2010, experimentally investigated heat transfer, friction factor, and heat transfer enhancement efficiency characteristics 

of a double pipe heat exchanger fitted with square-cut twisted tapes. Shabanian et al., 2011 reported the experimental and 

computational fluid dynamics modeling studies on heat transfer, friction factor and heat transfer enhancement efficiency of 

an air cooled heat exchanger equipped with classic and jagged twisted tape.   
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The scope of the present work is to experimentally investigate the tube side heat transfer and friction factor of a circular 

tube fitted with rectangular-cut twisted tape insert. Data are compared with smooth tube heat transfer and friction values and 

the values of heat transfer enhancement efficiency are reported. 

 

2. Experimental 

The schematic diagram of the experimental set up is shown in Fig 1. The test section was made from 914 mm of copper 

tube (26.6 mm ID and 30 mm OD), of which 900 mm was considered to be the test section. A stainless steel twisted tape 

was made by twisting 2 mm thick () 20 mm width (w) straight strip. Tape pitch (y) of 105 mm was made which gave twist 

ratio (y/w) 5.25. The twisted tape was cut in the top region of 8 mm depth and 14 mm width rectangular cut to allow the 

flow from the both sides of the tape to mix at the cut regions. Figure 2 shows the twisted tape. The nichrome resistance wire 

was spirally wound uniformly on the outer surface of the test section to supply the heating power. Mica sheet was used 

between the tube and heating wire for electrical insulation. The heating wire was covered with mica sheet and fiber glass. 

The heating wire was connected to 220 Volt main. Five T-type (copper constantan) thermocouples were placed on five 

equally spaced points of the test section to measure the outer surface temperatures of the tube. Two thermometers were 

placed at the inlet and outlet of the tube to measure the inlet   and   outlet   water   temperatures   respectively.   To measure 

the outlet temperature, the thermometer was placed in a mixing chamber, which was thermally insulated to minimize the 

heat loss. A rotameter (Metric 24G, SS float) of 26 L/min capacity was provided to measure the water flow rate. A U-tube 

manometer was used to measure the pressure drop across the tube. The distance between two pressure tappings was 1180 

mm. 

 

Initially, water was taken in the tank and pumped to the test section through the rotameter. The flow rate of water was 

varied by the gate valve for different data and kept constant during the experiment. A minimum of 9.9 L/min was used and 

it was increased up to 18.9 L/min. After switching on the heating power the sufficient time was given to attain the steady 

state condition. In each run, data were taken for water flow rate, water inlet, outlet, tube outer surface temperatures and 

pressure drop readings. 

 
Fig. 1. Schematic diagram of experimental apparatus. 1. Pump 2. Rotameter 3.4.  Thermometers 5. Insulation 6. Test section 7. Nichrome wire 8. AC 

source 9. Temperature reading device 10. Mixing chamber 11-15. Thermocouples 16. Voltage regulator 17. U-tube manometer. 
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Fig. 2.  Twisted tape insert. 

 

3. Data reduction 

Heat transfer rate by the heater to water was calculated by measuring heat added to the water. Heat added to water was 

calculated by,  

 inoutp TTcmQ                                                                                                                                                    (1) 

Heat transfer coefficient was calculated from, 

 bwi TT

q
h


                                                                                                                                                             (2) 

and heat flux was obtained from, 

A

Q
q                                                                                                                                                                           (3) 

where, LdπA i                                                                                         (4) 

The bulk temperature was obtained from the average of water inlet and outlet temperatures, 

2

TT
T outin

b


                                                                                                                                                            (5) 

Tube inner surface temperature was calculated from one dimensional radial conduction equation, 

 
Lkπ2

ddln
QTT

w

io
wowi                                                                                                                                            (6) 

Tube outer surface temperature was calculated from the average of five local tube outer surface temperatures, 




5

1i
wo,iwo /5TT                                                                                                                                                             (7) 

Theoretical Nusselt number was calculated from Gnielinski, 1976, correlation, 

 
  

   1Pr8f7.121

Pr1000Re8f
Nu

3221th



                                                                                                                                (8) 

where from Petukhov, 1970,  

  2
64.1Reln79.0f


                                                                                                                                              (9) 

μ

dρU
Re im                                                                                                                                                             (10) 

k

Cμ
Pr

p
                                                                                                                                                                  (11) 

k

hd
Nu i                                                                                                                                                                  (12) 

Mean water velocity was obtained from, 

f

m
A

m
U                                                                                                                                                                   (13) 

Flow area was obtained from, 

2

if d
4

π
A                                                                                                                                                                 (14) 
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Friction factor, f can be calculated from 

 
  2UdL

p
f

2

mit 


                                                                                                                                               (15) 

p is the pressure drop across tappings. All the fluid properties were evaluated at bulk temperature.  

 

4. Results and Discussions 

Heat transfer and friction data for the smooth tube were collected first. These data were taken to check the validity of 

the set up and measurement techniques over the range of Reynolds number 10000 to 19070. Figure 3 shows the comparison 

of experimental Nusselt number for smooth tube with those calculated from Gnielinski, 1976 correlation. Data fall within -

24.7% and -5.6% of the Gnielinski, 1976 values with r.m.s. value of error 20.3%. Salam et al., 2010 used the same set up 

and errors were found within -13% and +18% with r.m.s. value of error 12% when they compared the data with Dittus and 

Boelter, 1930 values. Nusselt numbers for the smooth tube and the tube with twisted tape insert are shown in Fig. 3. It is 

seen that,  Nusselt numbers incresed with the increase of Reynolds number and twisted tape insert gave higher values of 

Nusselt number than those for smooth tube. For tube with twisted tape, Reynolds number was calculated based on inner 

diameter of the tube. For smoth tube Nusselt numbers, Nus, increased from 54 to 120 with the increase of Reynolds number  

from 10002 to 18811 respectively. For tube with rectangular-cut twisted tape insert for Ree = 10116, Nusselt number, Nue, 

was found to be 125 and for Re = 19070, Nui was increased to 309. At comparable Reynolds numbers, Nusselt numbers in 

tube with rectangular-cut twisted tape insert were enhanced by 2.3 to 2.9 times compared to those of smooth tube with the 

average enhancement of 2.6 times. Swirl flow generated by twisted tape was responsible for thinning the thermal boundary 

layer and increasing the mixing between core and tube wall flows, Eiamsa-ard et al., 2009. Rectangular-cut in the twisted 

tape was responsible for additional disturbances which increased the tangential contact between secondary flow and the wall 

surface of the tube, Murugesan et al., 2010. This made heat transfer coefficient higher through the flow. 

 

The variation of heat flux with Reynolds number for smooth tube and tube with rectangular-cut twisted tape insert is 

shown in Fig. 4. It is found that with the increase of Re heat fluxes increased and rectangular-cut twisted tape insert gave 

higher heat fluxes than those for smooth tube. Higher values of heat transfer coefficient was responsible for this 

enhancement, although temperature difference between wall and bulk fluid, (Twi-Tb),e significantly decreased for tube with 

insert, Fig. 5. An average of 68% enhancement of heat flux was observed for tube with insert than that of smooth tube.  
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Fig. 3. The variation of Nusselt number with Reynolds number.  
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Fig. 4. The variation of heat flux with Reynolds number. 
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Fig. 5. The variation of temperature with Reynolds number. 
 

Figure 6 shows the variations of friction factor with Reynolds number. Friction factors for both smooth tube, fs and tube 

with insert, fe decreased with the increase of Re. And fe were found to be 39% to 80% higher than fs. These higher values of 

fe than fs are due to the high viscous loss near the wall regions caused by swirl flow, Eiamsa-ard et al., 2010b. Figure 6 also 

shows the friction factor obtained from Petukhov relation, fth. Fth were found to be significantly lower than fs. Enterence 

effect could be the reason for this.   
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Fig. 6. The variation of friction factor with Reynolds number. 

 

5. Heat transfer enhancement efficiency () 

To assess the performance of heat exchanging devices with insert it is necessary to evaluate heat transfer enhancement 

efficiency (). This efficiency is calculated using constant pumping power (Web and Kim, 2005; Murugresan et al., 2010). 

For constant pumping power, 

 ssee pQpQ                                                                                                                            (16) 
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Now considering the assumptions from Web and Kim, 2005 and from Eqs. (15) and (16) 

fe . Ree
3
 = fs . Res

3
                                                                                                                                                     (17) 

The experimental values of Nusselt number and friction factor for smooth tube can be correlated as  

 Nus =  0.00053Res 
1.1941

. Pr 
0.3

                                                                                                                                  (18) 

 fs = 147.2Res 
-0.8305

                                                                                                                                                    (19) 

The errors between Nusselt numbers for experimental and predicted values for smooth tube were found to be in the range of 

-5.2% to 7% with r.m.s. value of 4.1%. For friction factor these errors were found to be from -9.5% to 10.3% with r.m.s. 

value 6.9%. 

Similarly the experimental values of Nusselt number and friction factor for tube fitted with insert are correlated as  

 Nue =  0.00023Ree 
1.432

. (y/w) 
-0.01

                                                                                                                            (20) 

 fe = 25.475Ree 
-1.0173

.(y/w)
2.4015

                                                                                                                                 (21) 

The errors between Nusselt numbers for experimental and predicted values for tube with insert were found to be in the range 

of -2.2% to 1.4% with r.m.s. value of 1.5%. For friction factor these errors were found to be from -4.4% to 5.3% with r.m.s. 

value 3.3%. 

From Eqns. (17), (19) and (21) 

 Res = 0.4455Ree
0.9139

.(y/w)
1.107

                                                                                                                                 (22) 

Heat transfer enhancement efficiency, 

 

PPs

e

PPs

e

Nu

Nu

h

h
η                                                                                                                                                  (23) 

From Eqns. (18) and (22), 

 Nus = 0.0002Ree
1.09

.Pr
0.3

.(y/w)
1.322

                                                                                                                           (24) 

From Eqns. (20), (23), and (24) 

  = 1.2387Ree
0.339

.Pr
-0.3

.(y/w)
-1.33

                                                                                                                             (25) 

Heat transfer enhancement efficiency, , calculated using Eqn. (25) is shown in Fig. 7. It is quite obvious that with the 

increase of Reynolds number heat transfer enhancement efficiencies increased continuously. The value of  increased from 

1.8 to 2.2 with the increase of Re from 10116 to 19070. 
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Fig. 7.  The variation of heat transfer enhancement efficiency with Reynolds number. 

 

6. Conclusions 

An experimental investigation was carried out for measuring tube-side heat transfer coefficient, friction factor, heat 

transfer enhancement efficiency of water for turbulent flow in a circular tube fitted with rectangular-cut twisted tape insert. 

The results can be summarized as, 

(a) The Nusselt number increased with the increase of Re. The experimental Nus values fall within -6% and -25% of the 

Gnielinski, 1976 value (Nuth). The experimental values were enhanced by 2.3 to 2.9 times compared to Nus values. 

(b) An average of 68% enhancement of heat flux was observed for tube with rectangular-cut twisted tape insert (qe) than 

that of smooth tube (qs). 

(c) The experimental fe values were found to be 39% to 80% higher than fs values. 

(d) The heat transfer enhancement efficiency () were found to be increased with Re, and  values ranged between 1.9 
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and 2.3.  
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Abstract 

Natural convection flow of air in a two-dimensional, rectangular enclosure with two discrete heating from below is studied numerically, 

using the stream function-vorticity formulation of the Navier-Stokes and energy equations. An implicit finite difference together with 

successive over relaxation (SOR) method is applied to solve the non-dimensional governing equations.  Discrete heating is simulated by 

two heat sources on the bottom of the rectangular cavity and the different values of dimension less heat source height (H), is considered 

for this study. The Rayleigh number is varied from 103 to 107, based on the cavity height. The numerical results are presented in the form 

of streamline and isotherm as well as the physical quantities, such as, the local and average rate of heat transfer in terms of the local and 

average Nusselt number respectively. Businessman 
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Nomenclature 

g Gravitational force 

H Height of the channel (m) 

L Length of the cavity (m) 

P  pressure of the fluid (Pa.s) 

Pr Prandtl number 

Ra Rayleigh number 

t time (s) 

TH,Tc Temperatures at different parts of the cavity   

U,V velocity components (m/s) 

 

Greek symbols 

Ψ Streamlines 

Ω Vorticity 

α Thermal diffusivity 

ε Heat source length  

θ Non-dimension temperature 

ψ Stream function 

 Density of the fluid 

 Kinematic viscosity 
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1. Introduction 

 

All electronic components generate heat when it’s used. Surrounding temperature of the electronic components have a 

direct impact on the performance of the device. In order to achieve the optimal performance of the device, the temperature 

should be within the prescribed limit. Electronic components mounted on the vertical boards, these form channels or 

cavities and the heat generated by the components is removed by a naturally induced flow of air. Thermally induced 

buoyancy forces for the fluid motion and transport processes generated in an enclosure is getting much importance because 

of its practical significance in science and technology. The topic of natural convection in enclosures is one of the most 

active areas in heat transfer research today. The current study is the prototype of many industrial and engineering 

applications such as cooling of electronic equipments, meteorology, geophysics, operations and safety of nuclear reactors, 

energy storage, fire control, studies of air movement in attics and greenhouses, solar distillers, growth of crystals in liquids 

etc. Buoyancy driven flows are complex because of essential coupling between the flow and thermal fields.  

In the literature, investigation on natural convection heat transfer reported that the heat transfer occurs in an enclosure due to 

the temperature differences across the walls, a benchmark solution to natural convection of air flow in a square cavity with 

differentially heated walls was given by Davis et al. [1] where 10
3
≤ Ra ≤10

6
 was considered. A comparison exercise was 

also performed by Davis and Jones [2] to confirm the accuracy of the benchmark solution. Natural convection of air in 

enclosures heating from below and symmetrically cooling from the sides has been numerically investigated using stream 

function-vorticity formulation by Ganzarolli and Milanez [3]. Natural convection of air in enclosures heating from one side 

and cooling from the ceiling has been numerically investigated using stream function-vorticity formulation by Aydin et al. 

[4]. Natural convection of rectangular enclosures with localized heating from bottom and cooling from the sides has been 

numerically investigated in which air is used as a working fluid has been studied by Aydin and Yang [5]. The heat transfer 

of a rectangular cavity with adiabatic side walls and aspect ratios of 1, 2, 4 and 8 is considered, along with the inclination 

angle of the enclosure was varied from 0
o
 to 180

0
  and the effect of inclination on flow field and heat transfer is studied in 

the paper by Chang [6]. Natural convection in enclosure with discrete isothermal heating from below is studied numerically 

using finite element method with aspect ratios of 0.5 to 1 and inclination angle of 0
o
 to 30

0
 was considered, where the 

pressure-velocity form of the Navier–Stokes equations and energy equation are used to represent the mass, momentum, and 

energy conservations of the fluid medium in the enclosure by Saha et al. [7].  Radhwan et al.  8] have studied the natural 

convection in  a square enclosure with discrete heating of one vertical wall with isothermal heating strip, the remainder of 

the wall and the opposing one are isothermally maintained at a lower temperature where they have found that the variation 

of the local Nusselt number is influenced by this flow pattern and the average Nusselt number is higher than that of a 

discrete heating strip mounted on an adiabatic wall. Nasr et al. [9] have  studied the natural convection in an enclosed cavity 

heated from the lower corner and cooled from the ceiling using the control volume method and solved the full vorticity 

transport equation together with the stream function and energy equations. A laminar natural convection in an inclined 

complecated cavity with three flat and one wavy walls is numerically investigated by Dalal et al. [10] where they have used 

simple algorithm with deferred quick scheme in curvilinear coordinates and found that the angle of inclination affects the 

flow and heat transfer rate in the cavity. Barletta et al. [11] have studied the natural convection in a 2D cavity with two 

vertical isothermal walls and two adiabatic walls which are either straight and horizontal or elliptic and the dimensionless 

mass, momentum and energy balance equations are solved by means of two different software packages based on Galerkin 

finite element methods which provides a cross-validation of the results. Natural convection in differentially heated and 

partially divided square cavities with internal heat generation is studied by  Oztop and  Bilgen [12] where the vertical walls 

were isothermal, horizontal walls adiabatic and an isothermal partition at the reference temperature was attached to the 

bottom wall. They have obtained the result for various geometrical parameters specifying the height, thickness and position 

of the partition. Wang and Hamed [13] have studied the natural convection in inclined rectangular enclosures subjected to 

bidirectional temperature gradients where they have found that the thermal conditions of cavity end walls have a significant 

effect on mode-transition of thermal convection flows and hence, on heat transfer effectiveness inside the cavity, and on the 

Hysteresis phenomenon (multi-steady solutions) occurred as the cavity angle of inclination varied. Jin et al. [14] have 

studied the effects of rotation on natural convection cooling from three rows of heat sources in a rectangular cavity and 

found that the optimal distribution of heaters in rotating fluid is close to the results in the stationary situation if they have 

same dominated circulation direction. Numerical study of the natural convection flow resulting from the combined 

buoyancy effects of thermal and mass diffusion in a cavity with differentially heated side walls is studied by Snoussi et al. 

[15] using the Control-Volume based Finite Element Method (CVFEM) and solves the full vorticity transport equation 

together with the stream function, concentration and energy equations. Ali and Hasanuzzaman [16] did an experimental 

investigation natural convection heat transfer through a square enclosure of V-corrugated vertical plates. The result shows 

the increase of mass flow rate increases the heat transfer rate and the decrease of water inlet temperature increases the heat 

transfer rate. Mohamed A. Teamah et al. [17] investigated double diffusive convective flow in a square enclosure with 

segmented heat sources solved numerically. The numerical procedure adopted in this analysis yields consistent performance 
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over a wide range of parameters, Rayleigh number (10
3 
≤ Ra ≤ 10

6
), dimensionless heater lengths (0.2≤ L/H ≤ 1), buoyancy 

ratio (-10≤ N≤10) and Prandtl number (0.01≤ Pr ≤100). The results were compared with previous results and good 

agreements were found.  Dixit and Babu [16] used lattice Boltzman method to stimulate high Rayleigh number in natural 

convection for a square cavity. The flow goes turbulent for Ra ≥10
8
, for Ra ≤10

6
 the flow is laminar. Aswatha et al. [17] 

have studied natural convection of air in a cavity subject to uniform, sinusoidal and linearly varying temperature at the 

bottom wall, symmetrically cooled side walls with uniform temperature and insulated top wall for the range of Ra from 10
3
 

to 10
7
 and aspect ratios of  0.5 and 1.  

 

 The objective of the present work paper is to investigate the flow and heat transfer characteristics in a rectangular cavity 

using the stream function-vorticity formulation of the Navier-Stokes and energy equations subject to uniform temperature at 

an adiabatic bottom wall with two discrete heat sources. Side walls are symmetrically cooled with uniform temperature and 

top wall is adiabatic. The range of Ra varies from 10
3
 to 10

7
 based on the cavity height. An implicit finite difference 

together with successive over relaxation (SOR) method is applied to solve the non-dimensional governing equations.  As it 

appears from the existing literature, this study is the first attempt at studying the natural convection phenomenon in an 

enclosure under the above mentioned thermal conditions. The partial heating from the bottom simulates the electronic 

components such as chips. As natural convection flow in enclosures arises in many engineering process, the results to be 

obtained here may be applicable to other fields as well. The effects of the Rayleigh number on the fluid flow and heat 

transfer is determined.  

 

 

2. Formulation of the problem 

 

A cavity as illustrated in Fig.1 is chosen for simulating natural convective flow and heat transfer characteristics. The 

cavity has the bottom wall with two heat sources which is assumed to be isothermally heated at constant temperature TH, the 

side walls are isothermally cooled at a constant temperature TC, while the bottom wall, except the heated part, and the top 

wall are considered to be adiabatic. The inertia force is negligible and the medium is considered to be isotropic. We consider 

the flow of air in the cavity where buoyant flow develops because of the thermal induced density gradient. Heat transfers 

from hot wall to cold walls. The governing equations for natural convection flow and conservation of mass, momentum and 

energy are written as: 

 
 

 T = TH 
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 T
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T
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 T/y = 0        T/y = 0         T/y = 0 

 

 

0 

v 

u g 

T 

 T/y = 0 

l 

x 

L 

l 

  T = TH 

             
 

Fig.1: Schematic figure and coordinate systems 
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Non- dimensional vorticity – velocity – temperature equations 
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where  is the non-dimensional heat source length. 

 

3. Numerical Procedures 

 

The governing equations (5)-(7) along with the boundary conditions (10) are solved numerically, employing finite 

difference method. The convective and the diffusion terms are discretised by the central difference formula. The velocity-

vorticity and the energy equations are solved using Alternating Direction Implicit (ADI)  method and the stream function 

equation is solved by SOR (successive over relaxation) scheme where the relaxation parameter lies between 0 and 1. Here 

the grid is 100 100 and the time step dt = 10
-3

 is considered for the whole computations. 

 

4. Results and Discussion: 

 

The stream function-vorticity and energy equations (5)-(7) along with boundary conditions (10), are solved using an 

implicit finite difference together with successive over relaxation (SOR) method is applied to solve the non-dimensional 

governing equations. Figure 2 (a)-(b) describes the streamline and isotherms respectively for Ra = 10
3
. In figure 2(c)-(d), we 

get similar patterns in the streamlines and isotherm while in this case we consider Ra = 10
4
.  In these cases, the flow is 

dominated the conduction effect. The streamlines form two symmetric cells with one is anti-clockwise (primary vortex) and 

the other one is clockwise (secondary vortex) rotating. However in case of Ra = 10
5
, we get centrally located hot cell but the 

cool cell gets decentralized and corresponding isotherm illustrates a counter clockwise flow of fluid. As we can observe in 

figure 2c, the hot fluid is lifted up from the second heat source along the right cold wall of the cavity towards the adiabatic 
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ceiling and then flows down to the first heat source along the right cold wall of the cavity. In figure 2d, we notice that for Ra 

= 10
6
 the result of interaction between warmer and colder fluid streams, the hot streamline cell grows wider and the 

shrinking cool streamline cell moves to top right corner of the cavity. Corresponding isotherm indicates an increase in the 

fluid flow inside the cavity. In the last figure 2e, that is for Ra = 10
7
, the colder streamline cell disappears and the hot 

streamline cell fills up the hole cavity with the centre in the upper right quadrant of the cavity. The isotherms indicates a 

rapid cooling as the ascending warmer fluid lifted along the right conductive wall gets manoeuvred along adiabatic ceiling 

by a anti-clockwise circulation and gets cooled by the left conductive wall. 
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Fig. 2: Streamlines (left) and isotherms (right) for (a) Ra = 103; (b) Ra = 104; (c) Ra = 105; (d) Ra = 106; and (e) Ra = 107. 
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Fig. 3: Velocity distribution at  x/H = 0.5  (a) horizontal velocity  U (b) vertical velocity  V  

 

Figure 3, shows the U and V velocity distribution at the mid plane of x (x/H= 0.5) for Ra = 10
3
, 10

4
, 10

5
, 10

6
 and 10

7
. Both 

U and V velocity for Ra = 10
3 
and 10

4 
is almost zero. However for U-velocity, as the Ra increases the values start to change.  

As we see little change for 10
5
,
 
there are sharp changes for 10

6 
and 10

7
. While we observe negative values for 10

6 
with a 

peak of -160.9234, we get sort of a sinusoidal curve for 10
7
 where peak positive value is 52.9224 and peak negative value is 

-24.8315. Meanwhile for V-velocity, we observe a sinusoid similar curve for Ra = 10
5
 and 10

6
. In case of 10

5
 the negative 

peak is at -96.8676 and the positive peak is at 107.5218, while in case of 10
6
 the negative peak is at -263.0850 and the 

positive peak is at 250.4922. However for Ra = 10
7
 we observe a slightly different curve where there is a sharp positive 

peak with negative peak at -410.9853 and the positive peak at 925.7389.  
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Fig. 4: Velocity distribution at  y/H = 0.5  (a) horizontal velocity  U (b) vertical velocity  V.  
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Fig. 5: Rate of heat transfer from the bottom wall for the different Rayleigh number, Ra. 

 

The U and V velocity distribution at the mid plane of y (y/H =0.5) for Ra = 10
3
, 10

4
, 10

5
, 10

6
 and 10

7 
are depicted 

in Figure 4. Both U and the V velocity for Ra = 10
3 
is very slow. However for U velocity, as the Ra number increases to 10

4
 

the value remains almost same.   A change is noticed for 10
5
, while there are sharp changes for 10

6 
and 10

7
. While we 

observe a sinusoid similar curve for Ra = 10
5
 and 10

6
. For 10

5
 we get the positive peak at 76.7706 and negative peak at -

60.1649, where for 10
6
 we get the positive peak at 302.2808 and negative peak at -249.0037. For 10

7
 we get a sharp positive 

peak at 498.8073 and the negative peak at -415.0375. Meanwhile for V-Velocity, we observe a sort of elliptic curve for Ra 

= 10
4
 with maximum value at 16.0494. In case of 10

5
 the maximum value is 41.2675 while for 10

6 
we get the maximum 

value at 65.7769. However for Ra = 10
7
 we observe a slowly oscillating curve where there is a large negative peak at -

140.8137and the positive peak is at 14.3060. These sorts of sharp changes occur because at the high Rayleigh number the 

fluid temperature is very high and both the velocities increases instantaneously. 

 

Figure 5, describes the heat transfer characteristics of the cavity. As we can observe there is a sharp increase in the heat 

transfer rate at the edges of the heat sources while the heat transfer rate is almost zero at adiabatic parts of the bottom wall. 

It shows a slight negative value due to boundary conditions which can be considered as negligible. Now for the first heat 

source from the left we observe that, with increase in the Ra = 10
3
, 10

4
, 10

5
, 10

6
 and 10

7
 the heat transfer rate increases 

significantly with sharp change at the edges. However in case of the second source while for Ra = 10
3
, 10

4
 and 10

5
 the left 

edge of the source shows sharp increase in heat transfer rate, for Ra = 10
6
 and 10

7
 the sharp change occurs at the left edge of 

the source. Though, the heat sources show similar characteristics as we expected. In case of heat transfer it is also applicable 

that due to high Rayleigh number, we have an increase in the fluid temperature. As a result of which the heat transfer rate 

characteristics also changes and we observe an opposite graph for the second source compared with the first one. 

 

 

 

 

5. Conclusion 

 

In the present paper a problem on natural convection laminar flow from two discrete heating at the bottom wall has 
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been investigated numerically by employing an implicit finite difference method together with a Successive Over-

Relaxation (SOR) technique. The results have been presented for the chosen fluid of Prandtl number Pr =0.71 and the 

Rayleigh number Ra (= 10
3
, 10

4
, 10

5
, 10

6
, 10

6
). From the present investigation the following conclusion may be drawn: 

 For increasing values of the Rayleigh number, the flow rate increases in both clock wise and anti-clockwise 

direction. 

 The local rate of heat transfer from the heated parts increase owing to increase the Rayleigh number. 

 Heat transfer rate at second source shows slightly different characteristic at higher Rayleigh numbers compared 

with the first source as it is observed. 
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Abstract 

The present study focuses on the thermal response of a skin simulant material with a protective fabric (Kevlar 49) under a flame blast 

condition. This investigation has been conducted using a stream of hot air jet that has been impinged normally on the test surface 

with/without protective fabric to mimic the flame burst condition. The air jet temperature is 125°C and the jet velocity is 15 m/s and 19 

m/s. The temperatures at various radial positions of the solid are measured using thermocouples and are used to calculate the surface heat 

flux to the skin simulant material. Subsequently, the local heat transfer coefficient and the local Nusselt Number for different radial 

positions of the base plate have been estimated, illustrated and analyzed for different longitudinal distance between nozzle and the test 

setup. The experimental results are then compared with Stoll Second Degree Burn Criterion of the ASTM Standard (F1060-01). The 

results show a significant reduction in heat transfer rate and exhibit an adequate protection due to the use of the protective fabric. 
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Nomenclature 

T Temperature (°C)    q Heat Flux (W/m) 

v Velocity (m/s)     t Time (s) 

l Nozzle to Plate Distance (mm)   d Nozzle Diameter (mm) 

r Radial Distance (mm)    k Thermal Conductivity (W/m.°C) 

h Heat Transfer Coefficient (W/m.°C)  cp Heat Capacity (kJ/kg.°C) 

ρ Density (kg/m3)     α Thermal Diffusivity (m2/s) 

Re Reynolds Number   Nu Nusselt Numeber  

1. Introduction 

The thermal performance of protective clothing has been a point of interest for several decades. The protection of 

firefighters and other employees working in many hazardous environments against high heat flux exposure is very crucial 

for their safe guard and for others’ safety as well. So, the protective clothing is essential requirement in daily business for 

the staff of Fire Fighting Department, Policemen and Navy Military Staff and also for the workers in many chemical and 

bio-hazardous industries. Fire Resistive (FR) clothing has steadily improved over the years as new fabric materials and 

improved designs have reached the market. But their performance has not been studied in much detail for the safe keeping 

of their users yet. Many of these studies are based on fire services field experience. 
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Most of this work dates back in 1960s’ and 1970s’ [1] when computers were significantly less advanced. Torvi [2] 

provides a review of work done on heat and mass transfer models applicable to fabrics in the high heat flux range that a 

firefighter may experience. The Government Industry Research Committee on Fabric Flammability considered mainly 

flammable fabrics used by the ordinary consumer [3-4]. Morse et al. [5] studied heat transfer and burn injury risk from 

exposure to jet fuel fires. Only three protective clothing materials were examined for use in US Air Force flight fabrics. 

Also, some model properties were determined by fitting the model results to experimental data. Stoll et al. [6-8] used a 

combination of analytical and experimental techniques to measure the thermal response of single fabric layers over skin. 

They developed diagnostics to rate the protection offered by a fabric with known properties. Their work eventually led to 

the thermal protective performance test. Many recent studies for the permeable protective fabric system have been 

conducted using air jet impingement. Many of these studies formulated a numerical model for comparing the thermal 

performance under various conditions [9]. Bamford and Boydell [10] developed a finite-difference-based burn injury 

evaluation code and Torvi [2] developed a finite element code to simulate the test. Very recently, Anguiano [11] performed 

an important study by using skin stimulant material to understand the extent of fire burn injury. In Bangladesh Islam et al 

[12] fabricated the thermal performance measuring system of the fire protecting fabric and performed a study on thermal 

protection system. 

In the present study, jet impingement heat transfer has been experimented to simulate the flame impact to a solid surface 

covered with a FR fabric. Jet impingement has many practical applications due to its high heat and mass transfer. There are 

many factors affecting the heat transfer of jet impingement. These include the nozzle diameter (d), nozzle-to-plate distance 

(l), nozzle-exit velocity (vjet), thermophysical properties of the jet fluids. These factors are normally lumped into 

dimensionless groups: Nu, Re, Pr and l/d, which are then correlated. 

2. Experimental Setup 

The experimental study has been carried out by using a circular air jet facility as shown in Fig. 1. Detail explanation of 

different segment of the facility has been given in the previous studies [13]. The overall length of the flow facility is 9.0 m. 

It has axial flow fan unit, two settling chambers, two diffusers, a silencer and a flow nozzle. The fan unit consists of three 

Woods Aerofoil fans of the same series. The fan unit receives air through the butterfly valve and discharges it into the 

silencer of the flow duct. Flow from the silencer passes on to the settling chamber through a diffuser. At the discharge, side 

of this chamber there is a flow straighter and wire screen of 12 meshes to straighten the flow and to breakdown large eddies 

present in the air stream. Air from this chamber then flows to the second settling chamber through a nozzle and second 

diffuser. The flow straighter and wire screens are used here to ensure a uniform axial flow free of large eddies which may be 

present in the upstream side of the flow. The flow from the second settling chamber then enters the 100 mm long and 80 

mm diameter circular nozzle. At the farthest end the diameter of the flow facility is reduced from 475 mm to 88.9 mm 

where the heating section is placed [13]. 

For producing hot air jet, an attachment shown in Fig. 2 has been installed. It includes a heating section of length 0.9 m 

consisting of 4 cartridge heaters of total power consumption of 3 kW. Five half circular baffles are placed in series in the 

heating section to enhance the heating capacity of the air. Air from the wind tunnel is passed through the entrance section, 

heating section and settling chamber, the finally through the nozzle to produce desired air jet. Swirling effect of the air due 

to the baffles ensures the uniform heating air from the heater surface. The heated air then passes through the long settling 

chamber to the nozzle having a diameter of 25.4 mm. This is to note that the settling chamber is insulated with asbestos 

cloth and heat tape to prevent the heat loss to the surrounding from the hot air. The air flow through the nozzle is set by 

operating required number of fans. The temperature of the air jet is set by controlling the supply voltage of the heater. The 

whole setup is mounted on rigid frames of M.S. pipes and plates and is securely fixed with the ground such that any 

unwanted vibration of the system is reduced to a minimum. To avoid the effect of ground shear, the setup is installed at an 

elevation of 1.4 m from the ground.  

 

 

 

 

 

 

 

Fig. 1. Wind Tunnel for the Air Jet Facility [13] 
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Fig. 2. Heater Section in Details [12] 

For the present investigation, a nozzle diameter of 25.4 mm is used.  The temperature of the jet impingement has kept 

within 125°C. The test has been performed for two jet velocity, 19 m/s and 15 m/s. For protective clothing, an Aluminized 

glass fiber with vapor absorbent stitched with Kevlar fiber has been used. The base plate is made of Masonite, which is used 

for making hard board. Seven K-Type (Ni-Cr/Ni-Al) thermocouple is installed in the base plate to measure the temperature. 

One thermocouple is placed at the stagnation point, and 3 others in both top and bottom side from the centered 

thermocouple are placed on the Masonite plate (base plate) at a distance of 1.5 nozzle diameter from each. A wooden frame 

is used to hold the fabric and the base plate as per provisions outline in ASTM code [14]. The wooden frame can be 

displaced along longitudinal axis with the wind tunnel for different l/d locations from the nozzle. The data has been 

recorded using a data acquisition system (Picosoft). 

Table 1. Experimental Condition 

Parameters Values 

Jet Velocity (m/s) 

Temperature (°C) 

Nozzle Dia (mm) 

l/d 
r/d 

Reynolds Number 

Environmental Temperature (°C) 

19, 15 

125 

25.4 
2, 4, 6 

-4.5 ~ 4.5 

3.17×104 
25 ~ 32 

3. Experimental Procedure 

The fan motors of the tunnel were first started for a particular air flow with the help of butterfly valve and run for about 

15 minutes isolating the base plate. The isolating system comprised of an MS plate cooled by circulating water. The power 

to the heating section has been supplied for the desired air temperature and waited until the steady temperature of the air jet 

has been reached. At the same time picosoft system was made ready for data recording. Then the air jet was impinged on the 

base plate by removing the isolator quickly and the transient temperature response of the base plate was recorded for about 

three minutes. The same experiments were repeated for different conditions as given in Table–1. The collected data were 

used to estimate surface heat flux of the base plate, heat transfer co-efficient and Nusselt numbers by following the 

mathematical protocol given in Section 4.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Coordinate of the Setup (left), Thermocouple Position (right) 
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4. Mathematical Formulation 

The base plate under jet impingement can be modeled as semi-infinite solid having a boundary of constant heat flux. 

Considering this, one can easily find the temperature distribution within the base plate as given in Eq. (1).  

 

 

(1) 
  

On the surface (x=0) this equation reduces Eq. (2) where T(t) are record during experiments and can be used to calculate 

the surface heat flux. 

     

(2) 

 

     Given a heat flux at a particular location and time, Newton’s law of cooling can be used to calculate the local heat 

transfer coefficient, h using Eq. (3). 

                (3) 

 

    The local Nusselt number as defined by Eq. (4) at any radial location, r/d, was derived from the surface heat flux 

history. 

                (4) 

 

Table 2. Thermal Properties of Masonite (base plate) 

Parameters Values 

k 
ρ 

Cp 

0.18 W/m.°C 
1050 kg/m3 

1.34 kJ/kg.°C 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4. Temperature rise before (left) and after (right) the fabric layer 

5. Result and Discussion  

A total of 12 experiments were performed yielding over 16,000 data points for different conditions as given in Table 1. 

The surface heat flux and Nusselt number variation for different experimental conditions are displayed and analyzed in this 

section. 

Figures 4 show the PicoLog data attained for different experimental conditions. The data is presented for the entire 7 

channel which represents the 7 thermocouple temperature readings. All readings are directly fed to the computer attached 

with the PicoLogger Data Acquisition System. The computer saves all the data in a table. Those are then used for 

calculation. 
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5.1. Heat Flux – Time Plot 

Figures 5 show the surface heat flux variation of the base plate for both the conditions. In all of these figures the upper 

solid line represents the condition for base plate without fire retardant fabric system and the lower dashed line represents the 

condition with fire retardant fabric attached adjacent to the base plate. As shown in the Figure 5, the heat flux of the base 

plate without the fire retardant fabric rapidly increases and then slowly decreases with the increasing time. The maximum 

heat flux occurs within 20 second from the commencement of the jet impingement. The heat flux of the base plate with the 

fire retardant fabric system follows a different trend as shown. The heat flux in this case increases suddenly at the beginning 

and then decreases slowly having the values much lower than those without fabric conditions. As the space between nozzles 

to base plate increases, the maximum heat flux decreases for a particular experimental condition. This may be due to the 

effect of lower heat carrying capability of air and also for the entrainment occurs as the distance increases. 

 

  

 

 

 

 

  

 

 

  

 

 

Fig. 5. Surface Heat Flux Variation with Time for l/d = 2 and v=19m/s (left), Nusselt Number Distribution for l/d = 2 at time t = 30s (right) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Effect of Velocity on Surface Heat Flux for l/d = 2 (left) and l/d = 6 (right) 

5.2. Effect of Velocity on Surface Heat Flux 

The lower velocity of the impinging jet depicts a lower maximum heat flux for stagnation point and subsequent radial 

position than the higher velocity. But like the higher velocity air jet impingement, similar trends for the heat flux are 

observed for lower velocity. 

In Figs. 11-13, the effects of velocity on surface heat flux have been shown. The surface heat flux of the base plate for 

velocity 19 m/s has been found higher than for 15 m/s with/without FR fabric. But with the FR fabric, the heat flux for 

velocity 15 m/s increase to a higher value suddenly after the start of jet impingement than for velocity 19 m/s for the 

position of l/d = 2 only. For other l/d position the heat flux for the earlier case has been found to be higher than the latter 

case. 

5.3. Safety Comparison 

The Stoll criterion [6-8] is a good approximation to compare the protective clothing / fire retardant clothing for their 

thermal response to the thermal injury. For this reason, present results are compared with the Stoll criterion to visualize the 

thermal effect.  
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Figure 7(a) shows the comparison for human tissue tolerance for pain sensation. In this figure, it can be seen that for both 

experimental and simulation result, the surface heat flux is well below the Stoll criterion, while the result for the condition 

of the base plate without fabric shows that it crosses the Stoll criterion curve. Thus it can be said that the Kevlar fabric, both 

alone and with other fabric, can resist the pain sensation. 

Figure 7(b) shows the comparison for human tissue tolerance for the second degree burn. Here again the Kevlar fiber, 

both alone and with a system of fibers, can save the person who wear the protective suit made with Kevlar fiber. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7(a) Comparison with Stall Criterion for Human Tissue 

Tolerance to Pain Sensation 

Fig. 7(b) Comparison with Stall Criterion for Human Tissue 

Tolerance to Second Degree Burn  

6. Conclusion 

Experiments are conducted using an air jet impinged on a base plate with/without the protective fabric system to mimic 

the flame blast condition for different experimental conditions. The measured temperatures are used to calculate the surface 

heat flux to the base plate. Moreover, the local heat transfer coefficient and the local Nusselt number for different radial 

positions of the base plate have been illustrated and analyzed in this study. The results have been compared with the Stoll 

criterion. The results show a significant decrease in heat transfer rate using the protective fabric and adequate protection to 

the pain sensation as well as to the second degree burn on human skin. The setup can be used for testing the heat transfer 

capability for any kind of fabric layer used for different purposes. 

References 

[1] Chen, N.Y., 1959, “Transient Heat and Moisture Transfer Through Thermally Irradiated Cloth.” Ph.D Thesis, Massachusetts Institute of Technology, 

Cambridge, Mass., USA. 

[2] Torvi, D. A., 1997, “Heat Transfer in Thin Fibrous Materials Under High Heat Flux Conditions”, Ph.D Thesis, University of Alberta, Calgary, 
Alberta. 

[3] Backer, S., Et al., 1976, Textile Fabric Flammability, The MIT Press, Cabridge, Mass., USA. 

[4] Wulff, W., Zuber, N., et al., 1972, “Study of Hazards from Burning Apparel and the Relation of Hazards to Test Methods,” Second Final Report: 

Georgia Institute of Technology, NTIS: COM-73-10956 

[5] Morse, H.L., Green, K. A., Thompson, J. G., Moyer, C. B., and Clark, K. J., 1972, “Analysis of the Thermal Response of Protective Fabrics,” 
Technical Report, Acurex Corp., Mountain View, Calif., USA 

[6] Stoll, A. M., Chianta, M. A., and Munroe, L. R., 1964, “Flame-Contact Studies,” Transactions of the ASME, Journal of Heat Transfer, Vol. 86, pp 
449-456 

[7] Stoll, A. M. and Chianta, M. A., 1968, “Burn Protection and Prevention in Convective and Radiant Heat Transfer.” Aerospace Medicine, Vol. 39, pp. 
1097-1100 

[8] Stoll, A.M. and Chianta, M.A. “Method and Rating System for Evaluation of Thermal Protection,” Aerospace Medicine, Vol. 40, No. 11, pp. 1232-
1238 

[9] Lee, S., Park, C., Kulkarni, D., Tamanna, S., Knox, T., 2010, “Heat and Mass Transfer in a Permeable Fabric System under Hot Air Jet 
Impingement”, Proc. Int. Heat Transfer Conf. (IHTC14). 

[10] Bamford, G. J. and Boydell, W., 1995, “ICARUS: A Code for Burn Injury Evaluation”, Fire Technology, Vol. 31, No. 4, pp. 307-335 

[11] Anguiano, R. M., 2006, “Transient Heat Transfer through Thin Fibrous Layer”, M.Sc. Thesis, University of Alberta, Emonton, Albarta, Canada. 

[12] Islam, M.A., Rezwan, A.A., Hossain, S, Islam, A.K.M.N., 2011, “Study of Transient Heat Transfer of A Solid With Protective Fabric Under Hot Air 

Jet Impingement”, Proc. Int. Conf. on Mechanical Engineering (ICME2011) 

[13] Hasan, M. N., 2008, “Experimental Study of Flow Characteristics in the Near Field of a Thermally Stratified Co-axial Free Jet”, M.Sc. Thesis, 

Bangladesh University of Engineering & Technology, Dhaka, Bangladesh. 

[14] ASTM F2703-08, “Standard Test Method for Unsteady-State Heat Transfer Evaluation of Flame Resistant Materials for Clothing with Burn Injury 

Prediction”  



 

Available online at www.sciencedirect.com 

 

Procedia Engineering 00 (2012) 000–000 
 

 

5th BSME International Conference on Thermal Engineering 
 

Heat of Adsorption and Adsorbed Phase Specific Heat Capacity of 

Methane/Activated Carbon System 

Kazi Afzalur Rahman
a,
*, Wai Soong Loh

b
, Kim Choon Ng

b
 

aDepartment of Mechanical Engineering, Chittagong University of Enginnering & Technology, Chittagong 4349, Bangladesh 
bDepartment of Mechanical Engineering, National University of Singapore, 9 Engineering Drive 1, Singapore 117576, Singapore 

Abstract 

This study describes the thermodynamic formulations for the heat of adsorption and the adsorbed phase specific heat capacity from the 

rigor of classical thermodynamics with the involvement of adsorption parameters. The abovementioned thermodynamic quantities are 

evaluated from the equilibrium uptakes for adsorption of methane onto different types of activated carbon and found to be strongly 

dependent on the adsorption parameters along with the pressure and temperature. The adsorption uptake data of methane/Maxsorb III pair 

for temperatures both in sub- and supercritical regions are also used in the property evaluations and it is observed that the quantities vary 

with temperature and the trend is opposite between the sub- and supercritical regions. 
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Nomenclature 

C Adsorbate surface loading (g/g) 

C0 Maximum specific mass of adsorption (g/g) 

cp Specific heat capacity (kJ/kg K) 

E Characteristics energy (J/mol) 

Hads Heat of adsorption (kJ/kg) 

h Enthalpy (kJ/kg) 

hfg Latent heat of evaporation (kJ/kg) 

n Heterogeneity parameter (-) 

P Pressure (bar) 

Psat Saturation pressure (bar) 

R Gas constant (kJ/kg K) 

s Entropy (kJ/kg K) 

T Temperature (K) 

Tb Boiling temperature (K) 

va  Adsorbate specific volume in adsorbed phase (cm
3
/g) 

vb  Specific volume at the boiling point (cm
3
/g) 

W Volumetric adsorbate uptake (cm
3
/g) 

W0 Limiting volumetric adsorbate uptake (cm
3
/g) 
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Greek symbols 

α Thermal expansion coefficient of the adsorbed phase (K
-1

) 

Subscripts 

a Adsorbed phase 

b Boiling point 

cri Critical 

g Gaseous phase 

sat Saturation 

1. Introduction 

In adsorption process, the adsorbate molecules attract to the adsorbent surface with the existence of van der Waals forces 

and they accumulate in the pores of the adsorbent with phase transformation. The transformed phase of the adsorbate 

molecules is called as adsorbed phase which is treated as a distinguishable phase in thermodynamic viewpoint, even though 

the precise location of the phase boundary is uncertain [1]. The thermodynamic states of the adsorbed phase are not only 

function of pressure and temperature like gaseous phase but also depend on adsorbate surface loading or uptake [2,3]. 

Therefore, it is necessary to evaluate the thermodynamic quantities for the adsorbed phase and it is not reasonable to assume 

the adsorbed phase to be equal to the liquid phase or to the gaseous phase. 

This article describes the theoretical framework of the heat of adsorption and the adsorbed phase specific heat capacity 

for an adsorbate-adsorbent pair. The thermodynamic formulations are performed from the rigor of classical thermodynamics 

by incorporating the adsorption equilibrium model that holds the relationship between the pressure, temperature, and the 

uptake for an adsorption system. The adsorbed phase specific volume is also taken into consideration in deriving the 

theoretical relations. The property values are derived qualitatively for adsorption of methane onto different types of 

activated carbon. Especially, the adsorption uptake data for the methane/Maxsorb III pair are available for a wide range of 

temperatures both in sub- and supercritical states and pressures up to 25 bar. These experimental uptake data are used in 

evaluating the abovementioned thermodynamic quantities for both the sub- and supercritical regions. The evaluated values 

show better estimation due to the involvement of the adsorption parameters in the theoretical formulations and also because 

of the consideration of adsorbed phase specific volume which was assumed to be same as the gaseous phase in a recent 

study by Chakraborty et al. [3]. 

2. Theory 

2.1. Adsorption equilibrium model 

The relationship between pressure, temperature and uptake of an adsorbate-adsorbent system is known as the adsorption 

equilibrium model. Among the adsorption equilibrium models available in the literature, the Dubinin-Astakhov (D-A) 

model is one of the popular isotherm model for adsorption of vapours and gases onto non-homogeneous carbonaceous 

solids [4]. The D-A isotherm model is used in this study to describe the adsorption equilibrium uptake for the 

methane/activated carbon system.  The D-A model is expressed as 
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(1) 

where C is the amount of uptake in g/g, W0 is the limiting uptake of adsorption space of the adsorbent in cm
3
/g, E is the 

characteristic energy of the adsorption system, and n is the structural heterogeneity parameter. The adsorbed phase specific 

volume (va) can be estimated from the following empirical expression proposed by Ozawa et al. [5] for high pressure gas 

adsorption considering the thermal expansion of the adsorbate molecules.  

  bba TTvv  exp

                                                                          

(2) 

 

where vb is the specific volume of the liquid at the boiling point, Tb, and α is the thermal expansion coefficient of the 

adsorbed phase. 
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The saturation vapour pressure (Psat) of the adsorbed phase depends on the adsorption temperature for the subcritical 

condition of the adsorbate and it can be determined from the following Dubinin’s method, i.e.  Pcri = (T/Tcri)
2
Pcri, when the 

adsorption occurs above the critical point. 

2.2. Heat of adsorption 

The heat release during the adsorption process due to the change in energy level of the adsorbate molecules is known as 

the heat of adsorption and the Clausius-Clayperon equation has long been used for evaluation of heat of adsorption from the 

adsorption uptake data assuming ideal gas-phase behaviour of the adsorbate molecules in their gaseous phase [6,7].  
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(3) 

Now invoking the D-A isotherm model in Eq. (3), an explicit expression for the heat of adsorption can be obtained which 

is function of adsorbate surface loading (C), adsorbed phase specific volume (va), thermal expansion coefficient of the 

adsorbed phase (α), adsorption parameters (W0, E, n) of the D-A isotherm model, saturation pressure (Psat), and temperature.  
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(4) 

Here, the second term of the right hand side is equal to (2RT) by using the proposed expression for saturation pressure 

(Psat) in case of supercritical state. However, when the adsorption process occurs below the critical point, this term can be 

replaced with the heat of vaporization (hfg) and the Eq. (4) becomes  
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(5) 

2.3. Adsorbed phase specific heat capacity 

Thermodynamically the adsorbed phase specific heat capacity (cp,a) is defined by the temperature derivative of the 

differential adsorbed phase enthalpy (ha) at constant surface loading (C) [2,3,6,8], i.e.,  
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(6)  

The heat of adsorption (Hads) can also be expressed as the difference between the gaseous phase enthalpy and the 

adsorbed phase enthalpy [6], i.e.,  

agads hhH 

                                                                                 

(7)  

Thus, the adsorbed phase specific heat capacity can be re-written as  
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(8)  

where cp,g is the specific heat capacity of the gaseous phase. 
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Invoking the expression for Hads from Eq. (5) in the above Eq. (8), the cp,a becomes  
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(9)  

The second term of the right-hand side can be determined from the adsorption parameters (W0, E, n) of the D-A isotherm 

model, adsorbed phase specific volume (va), thermal expansion coefficient for the adsorbed phase (α), adsorbate surface 

loading (C), and temperature. 

 

For sub-critical condition of the adsorbate, the partial term  
Pfg Th  can be expressed as  fpgp cc ,,   and Eq. (9) 

eventually becomes  
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(10)  

For super-critical condition of the adsorbate, the partial term  
Pfg Th  reduces to  R2 in Eq. (9). 

C

ads
gp

C

ads

P

g

ap
T

H
c

T

H

T

h
c 






































 ,,

                                                  

(11)  

3. Results and Discussion 

3.1. Adsorption Isotherms 

The adsorption uptake data measured for methane/Maxsorb III pair using the volumetric technique are plotted Fig 1 for 

temperatures ranging from (120 to 350) K and pressures up to 25 bar. These experimental uptake data are reported by Loh et 

al. [9] for the temperatures in super-critical region from (278 to 350) K whilst Rahman et al. [10] has published the isotherm 

data for sub-cryogenic temperatures ranging from (120 to 220) K for the methane/Maxsorb III pair. 
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Fig. 1. Adsorption uptake data of methane/Maxsorb III pair for temperatures (120 to 350 K) with error bars of 7 %. Solid lines are predicted from the D-A 

isotherm model 
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To describe the experimental uptake data, the Dubinin-Astakhov isotherm model is used and it is found to be more 

appropriate for the present adsorbate-adsorbent pair due to (i) the accountability of the heterogeneity parameter and (ii) the 

consideration of the adsorbed phase volume correction. The expression for adsorbed phase specific volume (va) of Eq. (2) is 

incorporated with the D-A isotherm model and the thermal expansion coefficient (α) of the va expression has kept being 

float to regress well the isotherm data in sequence with the study by Rahman et al. [10]. The regressed adsorption 

parameters are 2.193 cm
3
/g, 4757.3 J/mol, 1.05 and 0.0043 K

-1
 for W0, E, n, and α, respectively. The heterogeneity 

parameter (n) is very close to unity which indicates the adsorbent surface to be highly heterogeneous and thus results a 

lower value of characteristics energy (E). An average regression error of about 7 % is found for this analysis. The solid lines 

in Fig 1 are predicted for the same temperatures from the D-A isotherm model using the regressed parameters. It can be seen 

that all the predicted isotherms are within 7 % of the experimental uptake data which is reasonable when a single isotherm 

model is employing to fit such a wide range of uptake data. The adsorption parameters found here are important in 

evaluating the heat of adsorption (Hads) and the adsorbed phase specific heat capacity (cp,a) as function of pressure (P), 

temperature (T) and amount of adsorption uptake (C). 

3.2. Heat of Adsorption 

The heat of adsorption (Hads) values for methane/Maxsorb III pair are evaluated using Eq. (5) and plotted in Fig 2(a) and 

2(b) against adsorbate surface loading (C/C0) for sub- and supercritical temperatures, respectively. It can be seen that the 

heat of adsorption decreases with increasing temperature in the subcritical region and the trend is opposite in the 

supercritical states. Again, the heat of adsorption varies with adsorbate surface loading and approaches to a limiting value 

when adsorption process proceeds towards the saturation uptake limit. This variation of the heat of adsorption with the 

adsorbate surface loading is due to the surface heterogeneity of the adsorbent. These Hads values are important for 

thermodynamic analysis of any adsorption system. For example, the effective thermal management of ANG storage system 

requires precise information of heat of adsorption that generates during the charge process of the system. 
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Fig. 2. Heat of adsorption (Hads) for methane/Maxsorb III pair against adsorbate surface loading (C/C0) at (a) Sub-critical and (b) Super-critical 

temperatures  

The Hads values are also evaluated for adsorption of methane onto different types of microporous activated carbons. Since 

the developed expression for Hads requires the adsorption parameters (W0, E, n, and α) for the adsorbate-adsorbent pair, a 

number of activated carbons are cited from the literature those conducted experiment for the adsorption isotherms of 

methane. All the cited samples are microporous in surface structure and the isotherm data are in the supercritical range. The 

adsorption uptake data of methane on these activated carbons are taken from the respective articles and regressed with the 

D-A isotherm model. The adsorbent characteristics of the carbon samples and the adsorption parameters of the D-A 

isotherm model are summarized in Table 1. The heat of adsorption (Hads) values are plotted in Fig 3 against the adsorbate 

surface loading (C/C0) at temperature of 298 K for adsorption of methane onto the activated carbon samples mentioned in 

Table 1. It is observed that the Hads varies with adsorbate surface loading for all the samples and this variation is wider range 

in case of Maxsorb III than the other carbon samples. 
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Table 1. Parameters (W0, E, n, α)* of the D-A isotherm model for adsorption of methane onto different types of activated carbon samples 

Adsorbent Samples Temperature range of 

data measurement (K) 

Limiting Uptake, 

W0 (cm3/g) 

Characteristic 

Energy,  E (J/mol) 

Heterogeneity 

Parameter, n 

Citation** 

Maxsorb III 120 - 348 2.193 4757.3 1.05 a 

AX21 233 - 333 1.08 5464.1 1.26 b 

ACF (A-20) 278 - 348 0.717 6198.4 1.51 c 

BPL 273 - 333 0.36 7040 1.54 d 

Norit R1 Extra 273 - 323 0.43 7500 1.73 d 

F30/470 303 - 343 0.389 7742.9 1.81 e 

Chemviron 278 - 348 0.407 8684.1 1.86 f 

Calgon AC 293 - 313 0.309 8955.1 2.41 g 

  *The value of α is 0.0025 K-1 for all pairs except methane/Maxsorb III. 
  **a. Present study; b. Zhou et al. [11]; c. Loh et al. [9] d. Himeno et al. [12]; e. Frѐre and De Weireld [13]; f. Author’s unpublished data; 

g. Choi et al. [14]. 
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Fig. 3. Heat of adsorption (Hads) for methane adsorption onto different types of activated carbon at temperature of 298 K 

The difference of Hads between surface loading of C/C0=0.01 and C/C0=0.6, i.e. (Hads)C/Co=0.01 – ( Hads)C/Co=0.01, is 

calculated for each sample and Maxsorb III gives considerably larger value as shown in the inset of Fig 3. Thus, it can be 

said that the degree of surface heterogeneity is higher for the Maxsorb III than the other activated carbon samples. This 

observation has also been confirmed by Loh et al. [9] from the pore size distribution of the Maxsorb III samples by the 

NLDFT method. 

3.3. Adsorbed phase specific heat capacity (cp,a) 

The adsorbed phase specific heat capacity (cp,a) is function of pressure, temperature and amount of adsorbate uptake 

whereas the bulk specific heat capacity (cp) depends only on pressure and temperature. Therefore, it is necessary to evaluate 

the cp,a values for thermodynamic analysis of any adsorbate-adsorbent system and Eq. (9) is developed for this purpose. In 

Fig 4, the adsorbed phase specific heat capacity (cp,a) values are plotted against temperatures for different constant 

pressures. The adsorbed phase cp values are derived using Eq. (9) where the adsorption parameters (W0, E, n, and α) 

evaluated for the methane/Maxsorb III pair are used in calculating the values. Due to the availability of adsorption uptake 

data of methane/Maxsorb III pair for a wide range of temperatures, it is reasonable to determine the cp,a values in both the 

sub- and supercritical regions. In Fig 4, it can also be observed that the isobaric cp,a values are decreasing except a slight 

increase in the supercritical region. At pressures below 10 bar, the cp,a values start to increase immediately after the critical 

point. These values are also important in the study of ANG storage system to analyze its cyclic processes. 
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Fig. 4. Isobars for adsorbed phase specific heat capacity (cp) of methane adsorption onto Maxsorb III 

   

The cp,a values are evaluated for methane adsorption onto different activated carbon samples mentioned in Table 1 and 

plotted in Figs 5(a) and 5(b) for constant pressure, P = 5 bar and constant surface loading, C/C0 = 0.5, respectively. It is 

observed that both the isobaric and isosteric cp,a values are increasing with temperatures and also in the similar trend in case 

of all the carbon samples. It is also observed that the cp,a values are dependent on the adsorption parameters and these two 

plots demonstrate the strong dependence on the characteristics energy (E) and the heterogeneity parameter (n). In general, 

the E and n values are larger in case of the adsorbent that have the lower degree of surface heterogeneity. Thus it can be said 

that the adsorbed specific heat capacity (cp,a) of methane is relatively higher when adsorption occurs on adsorbents with 

heterogeneous surface. 
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Fig. 5. Comparison of cp,a values evaluated for methane adsorption onto different activated carbons; (a) Isobars at P = 5 bar (b) Isosters at C/C0 = 0.5  

 

4. Conclusions 

The thermodynamic frameworks of the heat of adsorption and the adsorbed phase specific heat capacity are described in 

this article. The evaluated property values are found to be strongly dependent on the adsorption parameters along with the 

pressure and temperature. It is observed that the heat of adsorption values are decreasing with temperature in the subcritical 
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region and the trend is opposite in the supercritical region for the methane/Maxsorb III pair. Similarly, the adsorbed phase 

specific heat capacity values are observed to decreasing with temperature in the subcritical region and there is a slight 

increase with temperature in the supercritical region. These evaluations are significant, as they directly affect the 

computation of the enthalpy and entropy balances of the adsorbed phase. Such key thermodynamic quantities are essential 

in designing and analyzing the ANG storage system. 
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Abstract 

Here mixed convection boundary layer flow of a viscous fluid along a heated vertical semi-infinite plate is investigated in a non-absorbing 

medium. The relationship between convection and thermal radiation is established via boundary condition of second kind on the thermally 

radiating vertical surface. The governing boundary layer equations are transformed into dimensionless parabolic partial differential 

equations with the help of appropriate transformations and the resultant system is solved numerically by applying straightforward finite 

difference method along with Gaussian elimination technique. It is worthy to note that Prandlt number, Pr, is taken to be small (<< 1) 

which is appropriate for liquid metals. Moreover, the numerical results are demonstrated graphically by showing the effects of important 

physical parameters, namely, the modified Richardson number (or mixed convection parameter), Ri*, and surface radiation parameter, R, 

in terms of local skin friction and local Nusselt number coefficients. 

 
Keywords: Mixed convection; boundary layer; non absorbing medium. 

1. Introduction 

Mixed convection is one of the transport phenomena in which both free and forced convection occurs together. The study 

of mixed convection along with thermal radiation has greatly been increased due to its importance in many practical 

applications. For instance, important engineering application where mixed convection occurs are cooling of electronic 

systems, chemical processing equipments, crystal growing, nuclear reactors, food processing and several other industrial 

processes. In the literature Sparrow et al. [1], Merkin [2], Lloyd and Sparrow [3], Tingwei et al. [4] and Raju et al. [5] 

studied the simplest physical model of such a flow by considering 2D laminar mixed convective flow along a vertical flat 

plate.  

Heat transfer for sufficiently high temperature surfaces needs a simultaneous analysis of the influence of several kinds of 

heat transfer mechanisms. One such mechanism through which heat can be transferred more rapidly is by the absorption, 

emission and scattering of radiation by the fluid. Initially, Ozisik [6], Sparrow and Cess [7] and Arpaci [8] investigated the 

influence of thermal radiation and natural convection over the semi-infinite vertical plate. Further, considering the 

Rosseland diffusion approximation, investigations on the natural convection flow as well as on the mixed convection flow 

of an optically dense gray fluid have been accomplished by Hossain et al. [9], Hossain and Rees [10], Molla and Hossain 

[11], Siddiqa et al. [12] and Siddiqa et al. [13]. Besides this, heat transfer can also be determined for a non-absorbing 

medium in which absorption, emission and scattering processes are neglected and the surface of the object uniformly emits 

into the surrounding medium a constant thermal flux. Considering this, Martynenko et al. [14], Salomatov and Puzyrev [15] 

and Sokovishin and Shapiro [16] investigated the influence of thermal radiation in a non-absorbing medium under different 

circumstances. 

In the present analysis, mixed convection boundary layer flow is considered along a semi-infinite vertical plate in a non-

absorbing medium. It is futhre assumed that the processes of radiation absorption, emission and scattering are ignored and 



Author name / Procedia Engineering 00 (2012) 000–000 

the relationship between convection (mixed) and thermal radiation is established through a boundary condition of second 

kind on the thermally radiating vertical surface. The governing boundary layer equations are reduced to the convenient form 

with the help of appropriate formulation. The transformed system of equations is numerically integrated by employing finite 

difference method in conection with Gaussian elimination method. Numerical results thus obtained are expressed 

graphically in terms of local skin friction and local Nusselt number coefficients with effect of physical parameters that 

controls the flow field. 

 

2. Mathematical Formulation 

Consider the 2D steady state mixed convection boundary layer flow of a viscous incompressible fluid along a semi-infinite 

vertical heated surface in a non-absorbing medium. It is assumed that the processes of radiation absorption, emission and 

scattering are neglected. It is also supposed that the surface temperature of the flat plate, Tw, is sufficiently higher than the 

ambient fluid temperature, T∞. Therefore under the usual Boussinesq approximation the governing boundary layer equations 

can be written as  
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where u, v are the velocity components in the x and y directions respectively, ν the kinematic coefficient of viscosity, g 

identifies the gravitational force, β the coefficient of thermal expansion, α the thermal diffusivity and T the temperature of 

the fluid in the thermal boundary layer. The coordinate system and the flow configuration of the problem are shown in Fig. 

1. 

  

 
Fig. 1: Physical model and coordinate axis 

 

The relationship between convection and thermal radiation is developed with the help of a boundary condition of second 

kind on the vertical surface which is supposed to be a gray diffusion radiator with emissivity ε. Therefore the boundary 

conditions can be written as (see [14]). 

     

    




















TxTuxu

TTq
y

T
xvxu wew

y

,  ,,

=  0,=0,=0, 44

0


 

 

(4) 

where σe is the Stefan-Boltzmann constant and κ the thermal conductivity of the fluid. 

  We now introduce the following dimensionless parameters 
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(5) 

where /= LuReL   is the dimensionless Reynolds number and L the characteristic length of the vertical surface. 

Substituting (5) into the Eqs. (1)-(4), the following set of dimensionless governing equations (dropping bars) are obtained 
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The boundary conditions to be satisfied are 
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 In Equation (10) Ri is the mixed convection parameter or sometimes called buoyancy parameter, R the surface radiation 

parameter that measures the ratio of total heat flux transported from the surface of the wall to the radiative component and ξ 

the radiative length parameter that measures the degree of intensity of the ratio of radiative component and Reynolds 

number. It should be noted that for ξ = 0 the surface becomes non-radiating. Moreover, Prandtl number, Pr, calculates the 

strength of momentum diffusivity to the thermal diffusivity. 

The method of solution of the present problem posed through the set of equations (6)-(9) follows after adopting the 

following transformations: 

 1/21/21/21/2 =,=,=,=,= xxyxYVxvUu   (11) 

Substituting (11) in Equations (6)-(9) one obtains 
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The corresponding boundary conditions are 
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where Ri
*
 (=Ri/ξ

3
, the modified Richardson number). 

Once the quantities U and Θ and their derivatives are evaluated, one can calculate local skin friction coefficient, 1/2
CfRe  

and local Nusselt number coefficient 1/2
NuRe  which are significant from engineering point of view. Below are the 

expressions for these physical quantities, respectively. 
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The system of equations (12)-(15) are solved numerically by employing finite difference method. For this, discretization 

process is initiated and central-difference quotients are used for diffusion terms whilst backward difference quotients are 

employed for the convection terms. Finally a system of algebraic equations is obtained which is solved with through 

Gaussain elimination method. The system of equations (12)-(15) is solved numerically by employing finite difference 

method. For this, discretization process is initiated and central-difference quotients are used for diffusion terms whilst 

backward difference quotients are employed for the convection terms. Finally a system of algebraic equations is obtained 
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which is solved with through Gaussain elimination method. 

3. Results and Discussion 

In the present paper, the effect of mixed convection flow along a semi-infinite vertical plate is analyzed in the nonabsorbing 

medium. The surface rediation effects are considered in the present model and particularly the processes of radiation 

absorption, emission and scattering are neglected. However, the relationship between convection and thermal radiation is 

established with the help of second kind of boundary condition on the thermally radiating vertical surface.  The 

dimensionless boundary layer equations are transformed into parabolic partial differential equations and the solutions are 

then obtained numerically through finite difference method along with Gaussian elimination method. The resultant 

numerical solutions are discussed graphically in terms of local skin friction coefficient and local Nusselt number coefficient 

in the light of several physical parameters, such as, mixed convection parameter, Ri
*
, and surface radiation parameter, R. Its 

worthy to note that these results are obtained for flulids having Prandtl number very small (<<1).  
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Fig. 2: (a) Variation of local skin friction and (b) Local Nusselt number with χ for R = 0.0, 1.0, 2.0  while Pr = 0.05 and Ri* = 10.0 

 

The influence of surface radiation parameter, R is discussed initially on local skin friction coefficient, 1/2
CfRe , and local 

Nusselt number coefficient, 1/2
NuRe , in Fig. 2 for R = 0.0, 1.0, 2.0 while other parameters are Pr = 0.05 and Ri

*
= 10.0. In 

can be seen from these figures that coefficient of local skin friction and coefficient of local Nusselt number decreases 

considerably owing to the increase in the surface radiation parameter, R. Physically it happens due to the reason that R is 

acting as source term which increses energy at the vicinity of the fluid and as a result coefficients of local skin friction and 

local Nusselt number enhances. In addition, Figs. 2(a)-2(b) show that momentum as well as thermal boundary layer 

thicknesses decreases slightly as R enhances. 

Further, the variation of local skin friction coefficient, 1/2
CfRe , and local Nusselt number coefficient, 1/2

NuRe , is 

inspected for Ri
*
 = 10.0, 50.0, 100.0 whereas Pr = 0.05 and R = 2.0 in Fig. 3. One can observe that wall shear stress and rate 

of heat transfer increases substantially as buoyancy force is intensified. Physically it happens due to the reason that Ri
*
 > 0 

acts like supportive driving force which accelerates the fluid flow with in the boundary layer and consequently skin friction 

enhances and heat transfer rate reduces significantly. 
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Fig. 3: (a) Variation of local skin friction and (b) Local Nusselt number with χ

 
for Ri* = 10.0, 50.0, 100.0 while Pr = 0.05 and R = 2.0. 
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4. Conclusions 

 

In the present work, mixed convection flow along a semi-infinite vertical surface is considered in the non-absorbing 

medium. The relationship between convection and thermal radiation is set up through the second kind of boundary condition 

on the thermally radiating vertical surface. The governing equations are reduced to suitable form by using approptirate 

transformations. The reduced equations are integrated numerically with finite difference method in connection with 

Gaussian elimination technique. The numerical results are abtained in terms of 1/2
CfRe  and 1/2

NuRe , for different values 

of the parameters, such as, surface radiation parameter, R, Richardson number, Ri
*
, and locally varying parameter, χ,

 
for 

fluids having Pr = 0.05. From the present analysis it is concluded that (i) coefficient of local skin friction and coefficient of 

local Nusselt number diminishes owing to the increase in the surface radiation parameter, R. 
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Abstract 

A closed loop natural circulation system employs thermally induced density gradients in single phase or two-phase liquid form to induce 

circulation of the working fluid thereby obviating the need for any mechanical moving parts such as pumps and pump controls. Due to its 

passive nature the reliability of these systems is very high. That is the reason natural circulation cooling has been considered in advanced 

reactor core cooling and in engineered safety systems. Natural circulation cooling has been proposed to remove reactor decay heat by 

external vessel cooling for in-vessel core retention and for external core catcher cooling during sever accident scenario. First a scaling 

analysis was carried out for natural circulation flow in a closed loop. Based on the scaling analyses simulation of steam-water natural 

circulation is carried out with air-water flow in an inclined rectangular channel. The heat flux corresponding to the decay heat is simulated 

with air flux to the test section to produce equivalent flow quality.  Design calculations were carried out for typical core catcher design to 

estimate the expected natural circulation rates. The natural circulation flow rate of the water and two-phase pressure drop were obtained 

for different air injection rate expressed as void fraction for a select downcomer pipe size. These results can be scaled to steam water 

system using scaling consideration presented.  
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Nomenclature 

 

A flow area [m
2
] 

a cross-sectional area [m
2
] 

cp specific heat [j/kg·C] 

D diameter [m] 

d conduction depth  

f friction factor 

g gravitational acceleration [m/s
2
] 

H height [m] 

i Enthalpy [J/kg] 

ifg latent heat of vaporization [J/kg] 

j superficial velocity [m/s] 
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K minor loss coefficient 

L two-phase axial length (m) 

l length [m] 

m  mass flow rate [kg/s] 

N non-dimensional number 

Nd drift flux number   

NFr Froud number   

Nf friction number   

No orifice number Eq 

Npch phase change number (= Zuber number)   

Nsub subcooling number   

Nth thermal inertia ratio number   

NZu Zuber number   

p,P Pressure [Pa] 

Q heat or power [W] 

R ratio of fluid density to gas density  

T
*
 time ratio number   

u velocity [m/s] 

Vgj drift velocity [m/s]   

x Quality 

Greek Symbols 

 void fraction   

s thermal diffusivity [m
2
/s]  

 conduction depth [m]  

 dynamic viscosity [kg/m·s] 

 density [kg/m
3
] 

 Surface tension [N/m] 

Subscripts 

e exit 

f liquid 

g gas 

i ith component 

lp liquid phase 

o reference point/component 

s surface 

sp single phase 

sub subcooling 

two two-phase 

th thermal 

Superscripts 

* dimensionless quantity 

1. Introduction 

  Natural circulation flow has been used in number of thermal transport systems. Such systems employ thermally induced 

density gradients in single phase fluid or two-phase gas-liquid mixture to induce circulation of the working fluids without 

need for any external power or mechanical moving parts such as pumps and pump controls. This increases the reliability and 

safety of the cooling system and reduces installation, operation and maintenance costs.  Therefore natural circulation based 

cooling methods have been considered in advanced reactor core cooling and in engineered safety systems. Recently natural 

circulation cooling has been proposed to remove reactor decay heat during severe accident scenario where the reactor core 

might experience high temperature leading core melt. Designs for external vessel cooling for in-vessel core retention using 

natural circulation have been studied [1, 2].Similarly if the corium is discharged from the reactor vessel the ex-vessel corium 

containment and cooling have been considered where a core catcher plate is cooled by natural circulation. The natural 

circulation flow is similar to external vessel cooling where water flows through an inclined narrow gap below hot surface and 

is heated to produce boiling. The two-phase natural circulation enables cooling of the corium pool collected on core catcher. 
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  Recently Song et al., [3] have developed a core catcher concept, which can be adapted for both existing reactors and the 

advanced light water reactors. This core catcher is a passively actuating device, which can arrest, stabilize and cool the 

molten core material inside the reactor cavity and thus reduce its impact on containment pressurization. Primary goal of the 

proposed ex-vessel core catcher is to reliably accommodate and rapidly stabilize the corium, including the entire core 

inventory and reactor internals that is injected into the cavity following a postulate severe accident.  The ability of natural 

circulation cooling of the core catcher plate dictates its effectiveness in retaining the corium. The core catcher system has a 

large water supply that circulates through an inclined channel where the upper core catcher plate is cooled by the water flow 

in the channel. The two-phase natural circulation is driven by steam-water boiling process at inclined region. The geometry 

of cooling channel is rectangular with an inclined channel section (inclination angle of ~10 degree) followed by a vertical 

section. The flow starts from a single phase liquid and with boiling processes bubbles are generated in the flow.  Hence 

various flow regimes are possible as void fraction increases along the cooling channel.  The flow in the channel hence is 

continuously developing as the steam quality is increasing. The flow rate is function of the heat flux and flow loop losses.  

 

2. Scaling Considerations  

     The scaling of the two-phase flow is carried out using the transient form of governing equations, mass, momentum and 

energy balances based on one-dimensional drift flux model [4]. For a two-phase natural circulation system, similarity 

groups have been developed from a perturbation analysis to these governing equations.  The set of mass, momentum and 

energy equations are integrated along the loop, and the transfer functions between the inlet perturbation and various 

variables are obtained. The four equation drift flux model consisting of the mixture mass, momentum and energy equations 

and vapour continuity equation is analytically integrated along the flow path.  From this, the integral response functions 

between various variables such as the velocity, density, void fraction, enthalpy and pressure drop are obtained.  The non-

dimensionalization of these response functions yields the key integral scaling parameters. From these, the scaling criteria for 

dynamic simulation can be obtained [4]. The important dimensionless groups that characterize the kinematic, dynamic and 

energy similarities are for two-phase are given in Table 1.  
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      The scaling of the natural circulation with air air-water system requires fluid-fluid scaling consideration for flow 

dynamic similarity. The void fraction is related to quality through void quality relation. The drift velocity between gas liquid 

phase The xe the vapour quality at the exit of the heated section in prototype from the similarity of the Zuber and subcooling 

numbers yields: 

  .
ρ

ρΔ
x

Rg

Re 1













        (1) 

 

.This indicates that the vapour quality should be scaled by the density ratio.  If this condition is satisfied, the friction 

similarity in terms of Nfi and Noi can be approximated by dropping the terms related to the two-phase friction multiplier.  

Furthermore, by definition it can be shown that 
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Therefore, similarity of the drift flux number requires void fraction similarity.   
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Also, since Vgj depends on the flow regime, this group parameter also characterizes the flow pattern.  The density ratio 

group, given by the (/g) term, scales the fluids.  This also appears in the groups Nsub, Npch, Nf, and No. The representative 

constitutive equation for the relative motion based on the drift velocity correlation is given by:  
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where the volumetric flux, j, in the heated section is given by: 
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     The classical void-quality correlation is: 
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The relative motion similarity based on the drift velocity correlation becomes,  
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3. Scaled System Design  

First a design of the scaled facility is carried out using set of geometrical parameters corresponding to a core catcher design 

by Song et al. [3]. Table 2 lists the prototype core catcher key geometric parameters. For this design the following 

parameters were matched between the prototype and the scaled facility: heat flux, mass flux, exit void fraction, total 

pressure drop and friction coefficient. The scaled facility has same channel height and length along the flow direction as the 

prototype but with scaled down channel width. The width of the scaled facility is 0.3 m instead of 16 m as in prototype. The 

system scales for components in the scaled model are shown in Table 2. Instead of heated section and steam generated due 

to boiling, air is used to simulate the two-phase flow in the coolant channel. The heat flux corresponding to the decay heat is 

simulated with air flux to the test section to produce equivalent flow quality. The upper tank is also simplified with single 

tank where two phase separation occurs and downcomer line is connected. A schematic of the test geometry is shown in 

Figure 1, where the steam generated is replaced by air injection rate.  

 

 
Table 2. Scales for model and prototype system 

Component Prototype  Air-water modeling  

Downcomer  6.6mxФ0.15m, N=13  6.6mxФ0.1m, N=1  

Horizontal part  0.3mx0.1mx16m  0.3mx0.1mx0.3m  

Inclined part  2.74mx0.1mx16m, 10°  2.74mx0.1mx0.3m,  10°  

Vertical part  1mx0.1mx16m  1mx0.1mx0.3m  

Heating power  10MW, 0.5%-100%  187.5kW, 0.5%-100%  
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Figure 1. Schematic of air-water simulation loop 

 

4. Natural Circulation Flow Rate and Pressure Drop 

Design calculations were carried out for typical core catcher design to estimate the expected natural circulation rates. 

The loop mass flow rate in the coolant channel is determined by a balance between the pressure drop and hydrostatic head 

difference. The basic governing equations involved matching total buoyancy pressure drop due to the present of gas phase 

with the total pressure loss in the flow loop. For the pressure drop in the loop, we assume that the major pressure drop 

occurs in the two-phase part of the loop, where the pressure drop is expressed as below  

 

 

2 2

2 2

1 1 1 1
1 ( 1)

2 2 2

sptwo e
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f f

fLfL x
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A D A D

    
          

      
                                      (8) 

 
It consists of skin friction and geometric loss. As there will be a flow blockage in the coolant channel we included the 

geometric loss K factor. Here R is density ratio, which is defined as ρf/ρg. Ltwo is the length of two phase region, Lsp is the 

length of single phase region, Ktwo is the geometric K factor in the two phase region, and Ksp is the geometric K factor in the 

single phase region. A is the flow area. Here, xe is the flow quality at the exit.  

As the density ratio R is in the order of 1000, we can neglect the second term in eqn. (1). And let’s assume that the 

length of two phase region is close to L.  Then the pressure drop can be approximated as  
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We will assume that the inlet flow is saturated for simplicity in the analysis. The energy balance in the heating section 

determines the exit flow quality  

     
lp fg eQ m i x            (10) 

 

The driving head, which is difference between the cold water column and two phase column in the coolant channel, is 

as below 
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where the relation between the void fraction and flow quality is used by assuming that the liquid velocity and vapor 

velocity are the same,  

1

1
1

g

f

ux

x Ru

 




     (12) 

 

For assumed downcomer pipe size and given air flow rate corresponding to the heat flux, the void fraction and the mass 

flow rates were calculated. Both homogenous two-phase flow and a drift flux model were assumed for the two phase 

system. Typical drift flux velocity in the inclined section was about ≤ 2 m/s.   

     In Figure 2 the mass flux is shown as function of heat load where qmax corresponds to the reference heating power 

given in Table 1. For model facility the downcomer pipe sizes of 10cm (4 inch)) and 7.5cm) (3 inch) were used in the 

calculations. From figure it seen that the 7.5 cm downcomer pipe gives slightly lower mass flux as compared to the 

prototype.  The 10 cm diameter downcomer pipe given high mass flux in the model facility. So for the design 10 cm pipe 

seems as appropriate sized pipe since one can easily introduce additional losses with valve or orifice to match the prototype 

mass flux with the scaled model mass flux.   
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Figure 2. The natural circulation mass flux as function of heat load in the prototype and air-water model loop  

 

 

    In figure 3, exit void fraction is shown for different heat loads. Again here the values of exit void fraction for the 

prototype fall between the values of the exit void fraction calculated for 7.5 cm and 10cm downcomer pipes in the scaled 

facility.  

    The total two phase pressure drop in the heated section is shown in Figure 4(a) as function of heat load for different 

additional minor loss in the 10 cm downcomer pipe defined with minor loss coefficient K.  The two phase pressure drop 

increases with K. However it is mainly depends on the void fraction which is function of heat load. In Figure 4(b), the total 

downcomer single phase pressure drop is shown as function of K for different heat load. 

      In Figure 5(a) and 5(b) the gas and liquid superficial liquid velocities and the single phase and two phase pressure drop 

in the model core catcher cooling channel are plotted as function of void fraction. The pressure drop and the superficial 

velocities of gas and liquid increase non-linearly with increase in void fraction.  
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Figure 3. The exit void fraction as function of heat load in the prototype and air-water model loop  
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Figure 4. (a) Total two phase pressure drop and (b) total single phase as function of minor loss coefficient K at different heat load. 
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Figure 5  (a) Gas and liquid superficial velocities  and (b) total single phase and two phase pressure drop  as function of  exit void fraction  with 10 cm 
diameter downcomer  

 

5. Conclusions 

 Passive cooling based on natural circulation is utilized in core catcher system of advanced reactors to handle severe 

accident scenarios. A scaling analysis was performed to simulate a prototype core catcher cooling system with air-water two 

phase natural circulation loop. Key similarity parameters were identified for simulation of the two-phase natural circulation. 

A scaled down test facility design was conceived based on the scaling analysis. The natural circulation mass flux, system 

pressure drop were calculated for both prototype and the scaled model facility. Based on the calculation results a proper sized  

downcomer pipe for the model facility was obtained. Various pare metric results are presented that characterise the natural 

circulation phenomena in the core catcher cooling systems. Using the scaling parameters one can easily related results 

obtained from the scaled facility to the prototype condition.  
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Abstract 

In this paper the unsteady laminar combined free and forced convective boundary layer flow about a vertical porous plate in viscous 

incompressible fluid with suction and blowing is considered. The governing non-dimensional boundary layer partial differential equations 

are simplified first by using Boussinesq approximation. Secondly, similarity transformations are introduced on the basis of detailed 

analysis in order to transform the simplified coupled partial differential equations into a set of ordinary differential equations. The 

transformed complete similarity equations are then solved numerically by using Nachtsheim-Swigert shooting iteration technique along 

with sixth order Runga-Kutta method. The flow phenomenon has been characterized with the help of obtained flow controlling 

parameters such as suction parameter, buoyancy parameter, Prandtl number and the other driving parameter. The effects of the involved 

parameters on the velocity and temperature fields across the boundary layer are investigated. Numerical results for the velocity and 

temperature distributions are presented graphically. It is found that a small suction or blowing can play a significant role on the patterns of 

flow and temperature fields. 
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1. Introduction 

Mixed convection flows, or combined forced and free convection flows, arise in many transport processes in 

engineering devices and in nature. These flows are characterized by the buoyancy parameter (measure of the influence of 

the free convection in comparison with that of forced convection on the fluid flow) which depends on the flow configuration 

and the surface heating conditions.  The problem of free, mixed and forced convection over a horizontal porous plate has 

been attracted the interest of many investigators (Viz. Clark and Riley [1], Schneider [2] and Merkin and Ingham [3] among 

several others) in view of its applications in many engineering and geophysical problems. Ramanaiah et al. [4] considered 

the problem of mixed convection over a horizontal plate subjected to a temperature or surface heat flux varying as a power 

of x.  

The problem of mixed convection due to a heated or cooled vertical flat plate provides one of the most basic scenarios for 

heat transfer theory and thus is of considerable theoretical and practical interest and has been extensively studied by 

Sparrow et al. [5], Wilks [6], Afzal & Banthiya [7], Hunt & Wilks [8], Lin & Chen [9], Hussain & Afzal [10], Merkin et al. 

[11] etc. However, the problem of forced, free and mixed convection flows past a heated or cooled body with porous wall is 

of interest in relation to the boundary layer control on airfoil, lubrication of ceramic machine parts and food processing. 

Watanabe [12] has considered the mixed convection boundary layer flow past an isothermal vertical porous flat plate with 

uniform suction or injection. Sattar [13] made analytical studies on the combined forced and free convection flow in a 

porous medium. Further, a vast literature of similarity solution has appeared in the area of fluid mechanics, heat transfer, 
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and mass transfer, etc. as it is one of the important means for the reduction of a number of independent variables with 

simplifying assumptions. It is revealed that the similarity solution, which being attained for some suitable values of different 

parameters, might be thought of being the solution of the convective boundary-layer context either near the leading edge or 

far away in the downstream. Deswita et al. [14] obtained a similarity solution for the steady laminar free convection 

boundary layer flow on a horizontal plate with variable wall temperature. Hossain and Mojumder [15] presented the 

similarity solution for the steady laminar free convection boundary layer flow generated above a heated horizontal 

rectangular surface. Furthermore, the study of complete similarity solutions of the unsteady laminar natural convection 

boundary layer flow above a heated horizontal semi-infinite porous plate have been considered by Hossain et al. [16, 17]. 

The similarity solutions in the context of mixed convection boundary layer flow of steady viscous incompressible fluid over 

an impermeable vertical flat plate were discussed by Ishak et al. [18]. Ramanaiah et al. [19] studied the similarity solutions 

of free, mixed and forced convection problems in a saturated porous media. The aim of the present paper is, therefore, to 

obtain a complete similarity solution of the unsteady laminar combined free and forced convection boundary layer flow 

about a heated vertical porous plate in viscous incompressible fluid and be attempted to investigate the effects of several 

involved parameters on the velocity and temperature fields and other flow parameters like skin friction, heat transfer 

coefficients across the boundary layer. We are also tried to predict the role of small suction or blowing velocity on these 

parameters as well. 

2. Basic equations of the flow and mathematical analysis 

A semi- infinite porous plate extending vertically upwards and which is fixed with its leading edge horizontal is placed in 

an unsteady free stream. The plate is heated to a certain unsteady temperature above the ambient temperature eT . Heat is 

supplied by diffusion from the plate. The density of the fluid near the plate is reduced so that the fluid near the plate is 

buoyant compared with the fluid in the free stream at a large distance from the plate. Consequently layers of the fluid close 

to the plate begin to rise. It is supposed that the maximum velocity created in this buoyant layer at a distance L from the 

bottom of the plate is U. If the Reynolds number based on this velocity U is sufficiently large, buoyant flow is amenable to 

Prandtl’s boundary layer analysis.  

Consider that the flow direction is along the x-axis. Then the simplified form of the basic boundary layer equations of mass, 

momentum and energy for a laminar two-dimensional unsteady viscous and heat conducting fluid of variable properties 

above a semi-infinite heated vertical porous surface in dimensionless form subject to a body force are as follows: 
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Since at a particular station (x, t) the pressure p does not very with y through the boundary layer, we have written ep p , 
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T T T

T T



   


                                                       (4) 

where T and eT  are functions of x and t. 0eT T  (= constant) is one of the solutions of (4). 

3. Similar solutions for the Boussinesq approximation 

In this step we will simplify the above boundary layer equations (1)-(3) using the usual Boussinesq approximation. Thus 

the elimination of the first term (Dρ/Dt) in the continuity equation (1) will be found to be lead to great simplification in the 

boundary layer equations. Since the fluid property variations other than density variation in the buoyancy term of the 

momentum equation are ignored completely in this approximation, it is also assumed here that the fluid temperature outside 

the boundary layer Te is constant. Hence we get  
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where ρ ≈ ρr , μ ≈ μr , k ≈ kr , cp ≈ cpr  and r

r






 
 
 

 and Pr
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are the kinematic viscosity and the Prandtl number of 

the fluid, respectively. 

4. Equations governing similar solutions 

To reduce the above system of equations (5)-(7) into suitable forms we adopt the method of similarity solutions. Hence 

the following substitutions are introduced– 

 
, ,

,

y
x t

x t
  


    u UF   wv UF U v

       

The equation of continuity (5) permits us to write ,u v
y x

  
  
 

, where  , ,x y t  is the stream function at any point 

(x, y, t).  

With the traditional substitution
 

 1

0
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,

u
d F
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    , we have          , , , , , , ,0,U F                , 

where the velocity components u and v are found to be u UF , 
 , ,0

wv
  




 


 and   wv UF U v

      .  

Here 
 , ,0

wv
  




 


 represents the non-zero wall velocity called the suction or blowing velocity normal to the porous 

surface, so that fluid can either be sucked or blown through it. Physically, 0wv   and 0wv   represent the suction and 

blowing velocity through the porous surface, respectively. For uniform suction (or blowing) constantwv  . However, 

0wv   implies that the surface is impermeable to the fluid. In view of above transformation, equations (5) to (7) become  

    2
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where ( , , )F     and ( , , )     are assumed at this stage to be function of   alone and the a’s are given by 
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2

8 (ln )ea u T                                                                  (10) 

The boundary conditions which are imposed in order to determine the solutions of the transformed boundary layer equations 

(8)-(19) are given by:          0 0 0, 1; 0 1, 0F F F                                                                                       (11) 

The relations in equation (10) furnish us with the conditions under which similarity solutions are obtained provided that all  

a’s must be constants and thus the equations (8)-(9) will become non-linear ordinary differential equations. 

In view of conditions (ii) and (i) stated in equation (10), we have  2

1eu a A     and  2

02a B    , where  A   is 

either a function of   or constant and  B   is either a function of   or constant. The above two relations yield 

  0 4 1 2. 2
dA dB

a a a a
d d 

                                                                                                                                                    (12) 

Therefore, the forms of the similarity equations, the scale factors  ,eu    and  ,    entirely depend on the equation (12) which 

yields possibilities of four similarity cases, namely  

(A) both and   
dA dB

d d 
are finite constants, (B) both and   

dA dB

d d 
are zero , (C) 0, but  0 

dA dB

d d 
  and 
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(D) 0, but  0
dA dB

d d 
  . both and   

dA dB

d d 
are finite constants.  

4.1. Similarity case to be considered 

Of these four similarity cases, only the Case (A) for which both (dA/d and (dB/dare finite constants has been studied 

here for the sake of brevity. Thus, we have 0eu u (constant) and  

2 1
0

0 0

2
a C

a
u u

      where C is any arbitrary constant. Substituting these in the conditions (i) to (ix) of equation (10) 

yields the relations between the constants as follows: 0 1,a a  are arbitrary and 2 4 0a a  6 0a  , 7 02a a  , 8 1a a  , 
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subject to the transformed boundary conditions:          0 0 0, 1; 0 1, 0f f f                                             (15) 
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 in the momentum equation 

indicates how important buoyancy effects are compared with the forced flow effects. The flow is said to be aided when 

UF
2
/u0

2
 is greater than zero and called an opposing flow when this parameter is less than zero. When UF

2 
<< u0

2
 the flow 

becomes a forced flow, whereas for u0
2 
<< UF

2 
the flow becomes a free convection flow. The skin friction and heat transfer 

coefficients  and w wq  associated with the equations (13) and (14) are:  
1
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   and  
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2 0w F

c

k T
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  . 

The T  variation for this case is 
1

c

T
L

  . 

5. Numerical solution and discussions 

To obtain the solution of the differential equations (13) – (14) with the boundary conditions (15), a numerical procedure 

based on Nachtsheim-Swigert shooting iteration technique (guessing the missing value) (Nachtsheim & Swigert (1965))  

together with Runge-Kutta sixth order integration scheme is implemented. The effects of various parameters on the flow and 

temperature fields have been determined for different values of the suction/blowing parameter fw, the driving parameter β 

(the ratio between the changes of local boundary-layer thickness with regard to position and time), the buoyancy parameter 

UF
2
/u0

2
 (the square of the ratio between the fluid velocity caused by buoyancy effects and external velocity for the forced 

flow) and the Prandtl number Pr. Since there are four parameters of interest in the present problem which can be varied, to 

observe the effect of one, the other three parameters are kept as constants. Under these conditions the solutions to the 

problem thus obtained finally by employing the above mentioned numerical technique are plotted and tabulated in terms of 

the similarity variables.  

The effects of fw on the velocity and temperature profiles are plotted in Fig. 1 (a) and (b), respectively.  From Fig. 1 (a) we 

see that, for the case of suction (fw > 0), the velocity profiles increase with the increase of η near the surface, become 

maximum and then decrease and finally become zero asymptotically but for the case of blowing (fw < 0), velocity decreases 

near the surface and then increases with increasing η and finally leads to zero asymptotically. Further, velocity profiles 

decrease with increasing fw for the suction case but for blowing, the magnitude of the velocity increase with the increase of 

fw. The usual stabilizing effect of the suction parameter on the boundary layer growth is also evident from this figure. From 

Fig. 1 (b), we see that the temperature profiles increase close to the plate surface and away from the surface they decrease 

asymptotically and finally become zero with the increase of η, for the case of suction (fw > 0). A reverse situation is found 

for the case of blowing (fw < 0), that is, temperature profiles decrease first close to the plate surface and away from the 
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surface they increases asymptotically and finally become zero with the increase of η. It is also observed that temperature 

decreases with increasing suction but increases with the increase of blowing. 
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Fig. 1 (a) Velocity profiles and (b) Temperature profiles for different values of fw (with fixed values of UF
2
/u0

2
 = 0.3, β = -

0.5 and Pr = 0.72). 
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Fig. 2 (a) Velocity profiles and (b) Temperature profiles for different values of UF
2
/u0

2
 (with fixed values of fw= 0.5, β = -0.5 

and Pr = 0.72). 

Fig. 2 (a) and (b) show the effect of buoyancy parameter on the velocity and temperature profiles. We see from Fig. 2 (a) 

that, with the decreases in UF
2
/u0

2
 the maximum velocity reduces and thus the velocity became zero within short range for 

smaller values of UF
2
/u0

2
 > 0. Further, for UF

2
/u0

2
 < 0, the magnitudes of the velocity profiles increase with the increase of 

the magnitude of UF
2
/u0

2
. The unusual shape of temperature profiles in Fig. 2 (b) indicates that the wall receives more and 

more heat from the fluid as the buoyancy parameter UF
2
/u0

2
 decreases. This is due to the plate possessing an infinite source 

of heat at the leading edge, that is, ΔT  1/t at x = 0, hence wT   as 0t  .  
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Fig. 3 (a) Velocity profiles and (b) Temperature profiles for different values of β (with fixed values of fw= 0.5, UF
2
/u0

2
 = 0.3 

and Pr = 0.72). 
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From Fig. 3 (a) we observe that, velocity profiles became maximum at about η = 0.8 and they became zero at about η = 3.25 

for all the values of β. Here the maximum velocity also decreases with the increase of β. Fig. 3 (b) exhibits the effect of β on 

the temperature profiles. Temperature first increases with increasing η and then decreases again and reduces to zero 

asymptotically as η = 3.55. In the range of η = 1.2, temperature increases with the increase in β and after that it decreases with 

increasing  β.  
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Fig. 4 (a) Velocity profiles and (b) Temperature profiles for different values of Pr (with fixed values of  fw= 0.5, (UF/uo)
2 
 = 

0.3  and β = -0.5). 

The velocity and temperature profiles exhibit remarkable changes with the variation of Pr as observed from Fig. 4 (a) and 

(b). It is observed from Fig. 4 (a) that with the increase in η for different values of Pr, the pick values of velocity shift a little 

but they decrease rapidly with the increase in Pr. Like before, temperature decreases faster with increasing Pr as is seen in 

Fig. 4 (b). 

The values proportional to the coefficients of skin friction (f 
//
(0)) and heat transfer (θ 

/
(0)) are tabulated in Table 1. From the 

table it is seen that with the increase in fw, both the coefficients of skin friction and heat transfer decrease for fw > 0 but 

increases when fw < 0.  Whereas, the coefficient of skin friction increases but the coefficient of heat transfer decreases with 

increasing UF
2
/u0

2
. The reverse condition is observed for β variation. Here f 

//
(0) reduces with the increasing β but θ 

/
(0)  

raises with increase in β. Again both f 
//
(0) and θ 

/
(0) reduces with the increase in Pr. Unfortunately, no experimental data is 

available to us to compare our numerical results. 

Table 1: Variation of the coefficients of skin friction and heat transfer with fw , UF
2
/u0

2
, β and Pr. 

Values Proportional to the coefficients of skin-friction (f //(0)) and heat transfer (θ /(0)) with the variation of 

suction parameter fw for fixed UF
2
/u0

2
 = 0.3, β = -0.5 and Pr = 0.72:     fw               f //(0)             θ /(0) 

                                                                                                                   0.50          0.52320         1.526461 

                                                                                                                   0.30          0.84130         2.840729 
                                                                                                                  -0.30        -0.49521        -3.80264 

                                                                                                                  -0.40        -0.31224        -2.56273 

buoyancy parameter (UF/uo)
2 for fixed  f w= 0.5, β = -0.5 and Pr= 0.72: UF

2
/u0

2
        f //(0)              θ/(0) 

                                                                                                                   0.30          0.52320         1.526461                                                                                                          
                                                                                                                   0.05          0.085305       1.623241 

                                                                                                                   0.00          0.000218       1.636134 

                                                                                                                  -0.05        -0.08467         1.657115 
                                                                                                                  -0.30        -0.49989         1.743277 

driving parameter β for fixed  f w= 0.5, (UF/uo)
2 = 0.3 and Pr= 0.72:            β              f //(0)               θ /(0) 

                                                                                                                   -0.50        0.5232           1.526461 

                                                                                                                   -0.30        0.519727       1.583731 
                                                                                                                    0.00         0.51023         1.639961 

                                                                                                                    0.30         0.503857       1.703614 

                                                                                                                    0.50         0.500048       1.744627 
                                                                                                                    1.00         0.491727       1.842658 

Prandtl’s Number Pr for fixed  f w= 0.5, (UF/uo)
2 = 0.3 and β = -0.5:         Pr              f //(0)                θ /(0) 

                                                                                                                     0.72         0.52320         1.526461 

                                                                                                                     1.0           0.399249       1.402178                                                                                                      
                                                                                                                     7.0           0.075811      -1.50982 

6. Conclusions 

Similarity solution for the two-dimensional unsteady laminar combined free and forced convection boundary layer flow 

over a semi-infinite heated vertical porous plate with the similarity case (dA/d and (dB/d= finite constants has been 
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studied in this paper. On the basis of the findings the following conclusions can be drawn: 

a) with the increase in the magnitude of suction/blowing the magnitude of the velocity increases, where as with the 

increase of the suction and blowing the maximum values of the temperature decreases. Also suction decreases both 

the coefficients of skin friction and heat transfer while blowing increases those. 

b) with the increase in the buoyancy parameter the velocity increases (when buoyancy is negative velocity also remain 

negative). Up to a certain region (very close to the plate) with the increase in the buoyancy, temperature decreases 

but there after the relationship is reversed. 

c) with the increase in the control parameter the velocity decreases, but always remain positive. Up to a certain region 

(very close to the plate) with the increase in control parameter temperature increases and there after the relationship 

is reversed. 

d) with the increase in Pr both the velocity and temperature decrease. Also both the values proportional to the 

coefficients of skin-friction and heat transfer decrease with the increase in the Prandtl’s number. 
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Abstract 

       Unsteady solutions with convective heat transfer through a curved duct flow has been studied numerically by using a 

spectral method, and covering a wide range of the temperature difference between the vertical sidewalls for the Grashof 

number, 2000100 Gr , where the outer wall is heated and the inner wall cooled. In this paper, unsteady solutions are 

obtained by the time evolution calculations for two cases of the Dean numbers, Case I: Dn = 100 and Case II: Dn = 500 for 

the aspect ratio 31  l . It is found that, at Dn = 100 there appears a steady-state solution for small or large Gr. For 

moderate Gr, however, the steady-state solution turns into periodic solution, if the aspect ratio is increased. For Dn = 500, 

on the other hand, it is found that the steady-state solution turns into chaotic solution for small and large Gr for any aspect 

ratio lying in the range. For moderate Gr, however, the steady-state solution turns into chaotic solution through periodic 

solutions in the scenario ―steadyperiodic chaotic‖, if the aspect ratio is increased. Effects of secondary flow on 

convective heat transfer are also investigated. 
 

© 2012 Published by Elsevier Ltd.  
 

Keywords: Curved duct, secondary flow, aspect ratio, time evolution, chaos, heat transfer 

Nomenclature 
 

   Dn    : Dean number                                        T      : Temperature                            

    g       : Gravitational acceleration                    u      : Velocity components in the x  direction                                                                     

    Gr     : Grashof number                                   v      : Velocity components in the y  direction 

    h       : Half height of the cross section           w      : Velocity components in the z  direction 

     d       : Half width of the cross section             x      : Horizontal axis 

    L       : Radius of the curvature                       y      : Vertical axis                                   

   Pr      : Prandtl number                                     z      : Axis in the direction of the main flow 

      t      : Time                                                          : Resistance coefficient 

  Greek letters 

    : Curvature of the duct                              : Viscosity                                           : Kinematic viscosity 

    : Density                                                     : Thermal diffusivity                         : Sectional stream function 
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1. Introduction 
 

         The study of flow and heat transfer in curved ducts and channels has been and continues to be an area of paramount 

interest of many researchers because of the diversity of their practical applications in fluids engineering, such as in fluid 

transportation, refrigeration, air conditioning systems, heat exchangers and blade-to-blade passages in modern gas turbines. 

One of the interesting phenomena of the flow through a curved duct is the bifurcation of the flow because generally there 

exist many steady solutions due to channel curvature. Studies of the flow through a curved duct have been made, 

experimentally or numerically, for various shapes of the cross section by many authors. However, an extensive treatment of 

the bifurcation structure of the flow through a curved duct of rectangular cross section was presented by Winters [1] and 

Mondal [2].  

         The time-dependent behavior of the flow in a curved rectangular duct of large aspect ratio was investigated, in detail, 

by Yanase et al. [3] numerically. They performed numerical investigation of isothermal flows through a curved rectangular 

duct and addressed the time-dependent behavior of the unsteady solutions. Chandratilleke and Nursubyakto [4] presented 

numerical calculations to describe the secondary flow characteristics in the flow through curved ducts of aspect ratios 

ranging from 1 to 8 that were heated on the outer wall, where they studied for small Dean numbers and compared the 

numerical results with their experimental data. Wang and Yang [5] performed numerical as well as experimental 

investigations of periodic oscillations for the fully developed flow in a curved square duct. However, unsteady flow 

characteristics through a curved duct with rectangular cross section of aspect ratio 2 were investigated in detail by Yanase et 

al. [6]. Mondal et al [7] investigated time-dependent behaviour of flows with convective heat transfer in a curved square 

duct. Recently, Mondal et al. ([8], [9]) performed numerical prediction of the unsteady solutions by time-evolution 

calculations for the flow through a curved square duct and discussed the transitional behavior of the unsteady solutions. To 

the best of the authors' knowledge, however, there has not yet been done any substantial work studying the effects of aspect 

ratios on the unsteady flow characteristics for the non-isothermal flows through a curved rectangular duct. But from the 

scientific as well as engineering point of view it is quite interesting to study the unsteady flow behavior in the presence of 

buoyancy forces by varying aspect ratios, because this type of flow is often encountered in engineering applications. The 

present paper is, therefore, an attempt to fill up this gap with the study of the flow characteristics through a curved 

rectangular duct for various aspect ratios.   

 

2. Mathematical Formulations 
 

         Consider an incompressible viscous fluid streaming through a curved duct with rectangular cross section whose width 

and height are 2d and 2h, respectively. The coordinate system with the relevant notations are shown in Fig. 1. It is assumed 

that the outer wall of the duct is heated while the inner one is cooled. The temperature of the outer wall is TT 0 and that 

of the inner wall is TT 0 , where 0T . The x , y , and z  axes are taken to be in the horizontal, vertical, and axial 

directions, respectively. It is assumed that the flow is uniform in the axial direction, and that it is driven by a constant 

pressure gradient G along the center-line of the duct, i.e. the main flow in the axial direction as shown in Fig. 1.The 

variables are non-dimensionalized by using the representative length d and the representative velocity dvU 0 .We 

introduce the non-dimensional variables defined as 
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where u , v , and w  are the non-dimensional velocity components in the x , y , and z directions, respectively; t  is the 

non-dimensional time, P  the non-dimensional pressure,   the non-dimensional curvature, and temperature is non-

dimensionalized by T . Henceforth, all the variables are nondimensionalized if not specified. 

 

The sectional stream function   is introduced in the x- and y- directions as  
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            A new coordinate variable y  is introduced in the y  direction as yly  , where l h d is the aspect ratio of the 

duct cross section. From now on y  denotes y  for the sake of simplicity. Then the basic equations for ,w and T  are 

derived from the Navier-Stokes equations and the energy equation under the Boussinesq approximation as, 
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Figure 1. Coordinate system of the curved rectangular duct 
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where  
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The Dean number nD , the Grashof number rG , and the Prandtl number rP , which appear in Eqs. (2) to (4) are defined as 
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where k,,  and g are the viscosity, the coefficient of thermal expansion, the coefficient of thermal diffusivity and the 

gravitational acceleration respectively. 

The rigid boundary conditions for w  and   are used as 

              0)1,(),1()1,(),1()1,(),1( 
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and the temperature T  is assumed to be constant on the walls as 

                       xxTyTyT  )1,(,1),1(,1),1( .                                                                                                            (8) 

The upper and lower walls are adiabatic. In the present study, Dn and Gr are varied while  and Pr are fixed as   = 0.1 and 

Pr = 7.0 (water). 
 

3.  Method of numerical calculation 
  

In order to obtain the numerical solutions, spectral method is used. The main objective of the method is to use the 

expansion of the polynomial functions that is the variables are expanded in the series of functions consisting of Chebyshev 

polynomials. The expansion function )(xn  and  )(xn  are expressed as  

                                                                
2

2 21 , 1 ,x x C x x x C xn n n n                                                            (9) 
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where 1( ) cos( cos ( ))C x n xn
  is the 

thn  order Chebyshev polynomial.    tyxzyxw ,,,,,   and  , ,T x y t  are expanded 

in terms of  xn  and  xn  as  
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where M  and N  are the truncation numbers in the x  and y  directions respectively. The expansion coefficients 

mnmnw , and mnT are then substituted into the basic Eqs. (2), (3) and (4) and the collocation method is applied. As a result, 

the nonlinear algebraic equations for mnmnw ,  and mnT  are obtained. The collocation points are taken to be 
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where 1,..., 1i M   and 1,..., 1j N  . In the present study, numerical calculations are carried out over a wide range of the 

Grashof number 2000100 Gr for two cases of the Dean numbers, Dn = 100 and Dn = 500 for the aspect ratio 31  l . 

Steady solutions are obtained by the Newton-Raphson iteration method. Finally, to calculate the unsteady solutions, Crank-

Nicolson and Adams-Bashforth methods together with the function expansion and collocation methods are applied to the 

equations (2) to (4).  

4. Resistance coefficient 
 

We use the resistance coefficient   as one of the representative quantities of the flow state. It is also called the 

hydraulic resistance coefficient, and is generally used in fluids engineering, defined as  
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where quantities with an asterisk denote the dimensional ones,   stands for the mean over the cross section of the 

rectangular duct, and    dhddhddh 44/224*  . The main axial velocity  *  is calculated by  
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Since  * * */ ,1 2P P z G      is related to the mean non-dimensional axial velocity w  as                                                        
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where .*/2 wvdw  . For the unsteady solutions, the Nusselt number, Nu, is defined as 
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where   denotes an average over a time interval   . Equation (14) will be used to find the resistance coefficient of the 

flow evolution by numerical computations.  
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5.  Results and Discussion 

5.1 Steady solutions 
 

     We obtained two branches of steady solutions for the non-isothermal flow through a curved square duct for the 

Grashof number 2000100 Gr . A solution structure of the steady solutions, for example, is shown in Fig. 2(a) for Gr = 

500 and 4000100  Dn . Then we draw typical contours of secondary flow patterns and temperature profiles at Dn= 100, 

500, 1000 and 2000 as shown in Fig. 2(b), where we see that the steady flow consists of asymmetric two- and four-vortex 

solutions. It is found that the first branch consists of asymmetric two-vortex solution while the second branch is composed 

of asymmetric two- and four-vortex solution. It is also found that at the same value of Dn dual solutions exist. Then we 

investigated solution structure of the steady solutions for the non-isothermal flow through a curved rectangular duct of 

aspect ratio 2, and we obtained five branches of steady solutions for 2000100 Gr . A solution structure of the steady 

solutions, for example, is shown in Fig. 3(a) for Gr = 500 and 1000100  Dn . Typical contours of secondary flow 

patterns and temperature profiles are obtained at Dn = 300, 500, 800 and 1000 on various branches as shown in Fig. 3(b), 

where we see that the steady flow consists of asymmetric two-, four-, six-, eight- and ten-vortex solutions.  It is found that at 

Dn = 1000, we obtained two- and multi-vortex solutions. 
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    (a)                                                               (b)   

                                                                         Dn      100              500             1000           1000           2000       
 
 

Figure 2: (a) Solution structure of the steady solution branches for the curved square duct flow for Gr = 500.  (b) Secondary 

flow patterns (top) and temperature distributions (bottom) at some values of the Dean number. 
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Figure 3: (a) Solution structure of the steady solution branches for the curved rectangular duct flow for Gr = 500. (b) 

Secondary flow patterns (top) and temperature distribution (bottom) at Dn = 300, 500, 800 and 1000 on various branches. 

 

 

5.2 Unsteady solutions 
 

       In order to study the nonlinear behaviour of the unsteady solutions, time evolution calculations of the Nusselt numbers 

(Nu) are performed. In the present study, we perform time evolutions of Nu for the aspect ratios l = 1, 2 and 3 over a wide 

range of the Grashof number 2000100 Gr for two cases of the Dean numbers, Case I: Dn =100 and Case II: Dn = 500. 

Since we are considering temperature difference between the vertical sidewalls for the large Grashof numbers, time-

evolution of Nu is more significant than that of the resistance coefficient.  
 

5.2.1 Case I: Dn =100 
 

          Time evolutions of Nu for Dn =100 and l = 1(square duct) are shown in Fig. 4(a) for Gr =100, 500, 1000 and 2000. It 

is found that the unsteady flow is a steady-state solution for any Gr lying in the range. Then we draw contours of secondary 

flow patterns and temperature profiles at time t = 10 in Fig. 4(b). As seen in Fig. 4(b), the unsteady solution is an 
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asymmetric two-vortex solution for Gr =100 and 500, but a single-vortex solution for Gr = 1000 and 2000. Then, we 

perform time evolution calculations of Nu for Dn = 100 and l = 2 as shown in Fig. 5(a). It is found that the unsteady flow is 

a steady-state solution for Gr = 100, 500 and 2000, but periodic oscillating solution for Gr =1000. Contours of secondary 

flow and temperature profile are shown in Fig. 5(b) for Gr =100, 500, 1000 and 2000 at time t =15. It is found that 

secondary flow is a two-vortex solution for Gr =100, 500 and 1000 but a single-vortex solution for Gr = 2000. It is found 

that as the Grashof number increases, the asymmetricity disappears; this is because the buoyancy force becomes strong at 

large Grashof number while the centrifugal force becomes weak at small Dean numbers. 
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Figure 4: (a) Time evolution of Nu for Dn = 100 and l =1 (square duct). (b) Contours of secondary flow patterns (top) and 

temperature profiles (bottom) at time t = 10. 
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Figure 5: (a) Time evolution of Nu for Dn = 100 and l = 2 (rectangular duct). (b) Contours of secondary flow patterns (top) 

and temperature profiles (bottom) for Gr = 100, 500, 1000 and 2000 at time t = 15. 

 

Next, we show time evolution results of Nu for Dn = 100 and l = 3 in Fig. 6(a). As seen in Fig. 6(a), the time-

dependent solution is a steady-state solution for Gr = 100, but periodic for Gr = 500 and 1000. If the Grashof number is 

increased further (Gr = 2000), the flow then becomes steady-state again. Contours of secondary flow pattern and 

temperature profile are shown in Fig. 6(b) for Gr = 100 to 2000 at time t = 30, where it is seen that the unsteady flow at Dn 

= 100 and l = 3 is a two- and single-vortex solution at various Gr.  
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Figure 6: (a) Time evolution of Nu for Dn = 100 and l = 3 (rectangular duct). (b) Contours of secondary flow (top) and 

temperature profile (bottom) for Gr = 100, 500, 1000 and 2000 at time t = 30. 
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5.2.2 Case II: Dn = 500 
 

We perform time evolution calculations of Nu for Dn = 500 and l = 1 at Gr =100, 500, 1000 and 2000 and it is 

found that the unsteady flow is a steady-state solution for any Gr lying in the range considered in this study. We draw the 

contours of secondary flow patterns and temperature profiles and it is found that the unsteady solution is a two-vortex 

solution for any Gr lying in the stated range. Then, we perform time evolution calculations of Nu for Dn =500 and l = 2 as 

shown in Fig. 7(a). It is found that the flow oscillates irregularly with the large windows of quasi-periodic oscillations for 

Gr =100 and 500, which suggests that the flow is chaotic. However, the flow becomes periodic at Gr = 1000. If Gr is 

increased further (Gr = 2000, for example), the flow becomes chaotic again. To observe the periodic change of the 

secondary flow patterns and temperature distributions, contours of secondary flow and temperature profiles are shown in 

Fig. 7(b) for Gr = 1000, where it is seen that the unsteady flow at Gr = 1000 is a two-vortex solution.  
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Figure 7: (a) Time evolution of Nu for Dn = 500 and l = 2. (b) Contours of secondary flow (top) and temperature profile 

(bottom) for Gr = 1000 at time 90.472.4  t . 
 
 

Next, time evolutions of Nu for Dn = 500 and l = 3 are shown in Fig. 8(a), where it is found that the flow is chaotic 

for any value of Gr and the chaotic solution takes place nearly at the same value of Nu whatever the value of Gr is. It is 

found that as the aspect ratio is increased, the steady-state solution turns into a chaotic solution through periodic solution; 

this is because as the aspect ratio increased the centrifugal force becomes stronger than at small value of the Dean number. 

In order to observe the change of the flow patterns and temperature distributions, contours of typical secondary flow 

patterns and temperature profiles are shown in Fig. 8(b) for Gr = 1000. As seen in the secondary flow patterns, the chaotic 

solution at Gr = 1000 is composed of four- and six-vortex solutions, though we obtained only two-vortex solutions for Gr = 

1000 at l = 2. The temperature distribution is consistent with the secondary vortices. It is found the secondary flow enhances 

heat transfer in the flow.  
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Figure 8: (a) Time evolution of Nu for Dn = 500 and l = 3. (b) Contours of secondary flow (top) and temperature profile 

(bottom) for Gr = 1000 at time 5.85.6  t . 
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Figure 9: Time-dependent solutions in the Grashof number vs. aspect ratio (Gr - l) plane. (a) for Dn = 100, (b) for Dn = 

500.(: steady-state solution,  : periodic solution and : chaotic solution). 
 

 
 

Finally, the complete unsteady solutions, obtained by the time evolution computations in the present study, are 

shown by two phase diagrams in Fig. 9(a) for Dn = 100 and in Fig. 9(b) for Dn = 500 in the Grashof number vs. aspect ratio 

plane for 2000100 Gr and 31  l . In this figure, the circles indicate steady-state solutions, crosses periodic solutions 

and triangles chaotic solutions. From Fig. 9, we can easily get to know about the unsteady flow characteristics for various 

Gr and l. 

 

6. Conclusions 
 

We obtained two branches of steady solutions for the curved square duct flow while five branches of asymmetric 

steady solutions for curved rectangular duct flow. Time evolution calculations of the Nusselt number for Dn = 100 show 

that there appears a steady-state solution for any Gr lying in the range of 2000100 Gr for small aspect ratio; for large 

aspect ratio, however, the flow becomes periodic at moderate Gr (Gr = 1000 for l = 2 and Gr = 500 and 1000 for l = 3), and 

the flow undergoes in the scenario ``steadyperiodic steady", if Gr is increased. On the contrary, for small and large 

Gr (Gr = 100 and 2000), we always get steady-state solution whatever the aspect ratio is. For the moderate Gr, however, the 

steady flow turns into periodic solution, if l is increased. Time evolution calculations for Dn = 500 and l = 1 show that we 

again get a steady-state solution for any Gr lying in the range considered in this study. For l = 2, however, the flow becomes 

chaotic at small and large Gr (Gr =100, 500 and 2000) but periodic for Gr =1000. For large aspect ratio (l = 3), on the other 

hand, we always get chaotic solution whatever Gr is. It is observed that the steady-state solution turns into chaotic solution 

through periodic or multi-periodic oscillation for small and large Gr (Gr =100, 500 and 2000) for any l in the range in the 

scenario ``steadyperiodicchaotic", if the aspect ratio is increased.  
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Abstract 

Unsteady MHD mixed convection flow from a vertical plate in porous media in the presence of internal heat generation with chemical 

reaction, Hall current and thermal radiation has been studied. To obtain the non-similar momentum, energy and concentration equations, 

usual non-dimensional variables have been used. A finite difference technique with stability and convergence analysis is used to solve the 

obtained non-similar, coupled, non linear partial differential non-dimensional equations. The obtained solutions are shown graphically. 

Finally, a qualitative comparison with previous work is shown in tabular form. 
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1. Introduction 

 The effect of chemical reaction and thermal radiation on MHD boundary layer flow has become important in several 

industrial, scientific and engineering fields. The growing need for chemical reactions in chemical and hydrometallurgical 

industries requires the study of heat and mass transfer with chemical reaction. There are many transport processes that are 

governed by the combined action of buoyancy forces due to both thermal and mass diffusion in the presence of the chemical 

reaction. These processes are observed in nuclear reactor safety and combustion systems, solar collectors. From the point of 

applications, Das et al. [1] investigated the effect of the first-order homogeneous chemical reaction of an unsteady flow past 

a vertical plate with the constant heat and mass transfer. For industrial applications such as glass production, furnace design, 

space technology applications, cosmical flight aerodynamics rockets, and spacecraft re-entry aerothermodynamics which are 

operated under the higher temperature with radiation effects are significant. In view of this, Sattar and Kalim [2] studied the 

unsteady free convection interaction with thermal radiation in a boundary layer flow past a vertical porous plate. Aydin and 

Kaya [3] investigated the effect of radiation on MHD mixed convection flow about a permeable vertical plate. The Soret and 

Dufour effects have been found to influence the flow field in mixed convection boundary layer over a vertical surface 

embedded in a porous medium. Stanford et al. [4] has studied the effect of thermal radiation, Hall currents, Soret and Dufour 

on MHD flow by mixed convection over a vertical surface in porous media.  Recently, Aurangzaib and Shafie [5] 

investigated the effects of Soret and Dufour on unsteady MHD flow by mixed convection over a vertical surface in porous 

media with internal heat generation, chemical reaction and Hall current.  
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Hence our aim of this research is to extend the work of Aurangzaib and Shafie [5] to solve the problem by implicit finite 

difference scheme. The proposed model has been transformed into non-similar coupled partial differential equation by usual 

transformations. Finally, the comparison of the present results with the results of Aurangzaib and Shafie [5] has been shown. 

The obtained results are shown graphically as well as tabular form. 

2. Mathematical Formulation 

Consider MHD mixed convective heat and mass transfer flow of a viscous incompressible fluid over an isothermal semi-

infinite vertical flat plate through a porous medium. The flow is also subjected to a constant suction velocity. The positive x  

coordinate is measured along the plate in the direction of fluid motion and the positive y  coordinate is measured normal to 

the plate. The leading edge of the plate is taken as coincident with z axis. A uniform magnetic field 0B  is applied normal 

to the flow region. The imposed magnetic field vector 0B  can be taken as  0,,0 0BB . The magnetic Reynolds number of 

the flow is taken to be small enough field and the magnetic field is negligible in comparison with applied magnetic field and 

the magnetic lines are fixed relative to the fluid. Initially, it is considered that the plate as well as the fluid is at the same 

temperature  TT  and concentration level  CC . Also it is assumed that the fluid and the plate is at rest after that the 

plate is to be moving with a constant velocity U  in its own plane. Instantaneously at time 0t , the temperature of the 

plate and spices concentration are raised to  TTw  and  CCw  respectively, which is there after maintained constant, 

where wT , wC  are temperature and spices concentration at the wall  and T , C  are the temperature and concentration of 

the species outside the plate respectively. The physical configuration of the problem is furnished in Fig. 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

  
 

Fig. 1. Physical configuration and coordinate system. 
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Under the electromagnetic Boussinesq approximations, the MHD unsteady flow and heat and mass transfer with heat 

generation and chemical reaction are governed by the following equations are given by: 

Momentum equation in axisx : 

   
 

  u
k

mwu
m

B
CCgBTTgB

y

u

y

u
v

t

u
CT

1
2

2
0

2

2

0
1 






 

















                                            (1) 

Momentum equation in axisx : 
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Energy equation: 
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Concentration equation: 
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with the corresponding boundary conditions are 

0yCCTTwUu ww   at,,0,                 (5) 

  yCCTTwu as,,0,0                 (6) 

where wvu and,  are the zyx and,  components of velocity vector, eetm   is the Hall parameter, where e  is the 

electron frequency,   is the kinematic coefficient viscosity,   is the fluid viscosity,   is the density of the fluid,   is the 

thermal conductivity, pc  is the specific heat at the constant pressure , 0k  is the rate of chemical reaction and D  is the 

coefficient of mass diffusivity, tk  is the thermal diffusion ratio, sc  is the concentration susceptibility, respectively. Here p  

and q  are considered as positive constant. The radiative heat flux rq  is described by the Rosseland approximation such that 
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,  where *  and *k  are the Stefan-Boltzman constant and the mean absorption coefficient, respectively. 

We assume that the temperature difference within the flow are sufficiently small so that the 4T  can be expressed as a linear 

function after using Taylor series to expand  4T  about the free stream temperature T  and neglecting higher-order terms. 

This result in the following approximation: 434 34   TTTT  . 

To obtain the governing equations and the boundary condition in dimension less form, the following non-dimensional 

quantities are introduced as;  
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Substituting the above relations in equations (1)-(4) and corresponding boundary conditions (5) and (6) are; 
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boundary conditions are; 

1,1,0,1  CTWU  at 0Y                                                                         (11) 

0,0,0,0  CTWU  as Y ,                            (12) 
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where   represents the dimensionless time, Y  is the dimensionless Cartesian coordinate, U  and W  are the dimensionless 

velocity component in X  and Z  direction, T  is the dimensionless temperature, C  is the dimensionless concentration, 
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3. Shear Stress, Nusselt and Sherwood Number 

    From the velocity field, the effects of various parameters on the shear stress have been calculated. Shear stress in x -

direction, 
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4. Numerical Solutions 

 In order to solve the non-dimensional system by the implicit finite difference technique, it is required a set of finite 

difference equations. In this case, the region within the boundary layer is divided by some perpendicular lines of Y -axis, 

     

     

     

     

     

     

     

     

     

     

     

     

     

      

 

Fig. 2. Finite difference system grid. 
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where Y -axis is normal to the medium as shown in Fig. 2. It is assumed that the maximum length of boundary layer is 

 25max Y  as corresponds to Y  i.e. Y  varies from 0  to 25  and the number of grid spacing in Y  directions is 

 400p , hence the constant mesh size along Y  axis becomes  2500625.0  YY  with a smaller time-step 

001.0t .  

Let TWU  ,,  and C   denote the values of TWU ,,  and C  at the end of a time-step respectively. Using the implicit 

finite difference approximation, the following appropriate set of finite difference equations are obtained as; 
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with the finite difference boundary conditions, 

1,1,0,1 0000  nnnn CTWU                                                              (17) 

0,0,0,0  n
L

n
L

n
L

n
L CTWU  where L                                   (18) 

Here the subscript i  designates the grid points with Y  coordinate and the superscript n  represents a value of time, 

  n  where .....,....2,1,0n . The primary velocity  U , secondary velocity  W , temperature  T  and concentration 

 C  distributions at all interior nodal points may be computed by successive applications of the above finite difference 

equations. The numerical values of the local shear stresses, local Nusselt number and local Sherwood are evaluated by Five-

point approximate formula and the average shear stresses, average Nusselt number and average Sherwood number are 

calculated by the Simpson’s 
3

1
 integration rule. The stability conditions of the method are;  
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  and 

convergence criteria of the problem are 1m , 1uD  or 1rS , 911K , 1760 , and 846  when 00.2S , 

20.0R , 00.7rP , 94.0cS . 

 

 

5. Results and Discussion  

To observe the physical situation of the problem, the steady-state solutions have been illustrated in Figs. 3-7 when 2p  

and 2q . The primary velocity, secondary velocity and temperature distributions are displayed for various values of 

Dufour number uD  respectively illustrated in Figs. 3(a), 3(b) and 4(a). These results show that the primary velocity, 

secondary velocity and temperature distributions increase with the increase of uD . The effect of Soret number rS  on the 

primary velocity, secondary velocity and concentration distributions are respectively illustrated in Figs. 4(b), 5(a) and 5(b). 

These results show that the primary velocity, secondary velocity and concentration distributions increase with the increase of 

rS . The concentration distribution is shown in Fig. 6(a) for various values of chemical reaction parameter   with two 

values of Schimdt number 60.0cS  (water vapor) and 94.0cS  (carbon dioxide) respectively. It is noted that the 

concentration decreases with the increase of  , where 0  and 0  are treated as genarative and destructive chemical 

reaction respectively. The concentration also decreases with the increase of cS  leads to thining of the concentration 

boundary layers. Fig. 6(b) displays the temperature distribution for several values of heat generation or absorption parameter 

  and Prandlt number rP . It is noted that the temperature increases with increase of  , where 0  and 0  are 

treated as heat absorption and genaration respectively. The temperautre increases with the increase Prandlt number rP . This 

is consistent with the well known fact that the thermal boundary layer thickness increasing with the increase rP . The Nusselt 
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number for different values of heat genaration or absorption parameter   and Prandlt number rP  are displayed graphically 

in Fig. 7(a). The Nusselt number decreases with the rise of   and increases with the rise of rP . The Sherwood number for 

different values of chemical reaction parameter   and Schimdt number cS  are displayed graphically in Fig. 7(b). The 

Sherwood number increases with the increase of   and cS . 
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Fig. 3. Illustration of (a) Primary velocity profiles and (b) Secondary velocity profiles for various values of uD  when 2p  and 2q . 
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Fig. 4. Illustration of (a) Temperature profiles for varios values of uD  and (b) Primary velocity profiles for various values of rS  when 2p  and 2q . 
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Fig. 5. Illustration of (a) Secondary velocity profiles and (b) Concentration profiles for various values of rS  when 2p  and 2q . 
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Fig. 6. Illustration of (a) Concentration profiles for various values of   and (b) Temperature profiles for various values of   when 2p  and 2q . 

(a) 

10 20 30
0

1

2

3

4

5

6

7

8







    (b) 
10 20 30

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2













 

Fig. 7. Illustration of (a) Nusselt number for various values of   and rP  and (b) Sherwood number for various values of   and cS when 2p  and 

2q . 
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Finally, a qualitative comparison of the present steady-state results with the published results (Aurangzaib and Shafie [5]) 

is presented in table 1. The accuracy of the present results is qualitatively as well as quantitatively good in case of all the 

flow parameters. 

Table 1. Qualitative comparison of the present results with the previous results 

Increased 

Parameter 

Previous results given by Aurangzaib and Shafie [5] Present results 

 f    h        Rate of H. T. Rate of C. U  V  T  C  Nu  Sh  

Du  

Sr  

  

Sc  

  

Pr  

R  

Inc. 

Inc. 

 

Inc. 

Inc. 

Inc. 

 

 

 

Inc. 

Dec. 

Inc. 

 

Inc. 

Dec. 

Dec. 

 

 

 

 

Dec. 

Inc. 

 

 

Inc. 

Inc. 

Inc. 

Inc. 

 

Inc. 

Inc. 

Inc. 

 

 

 

Inc. 

Inc. 

Inc. 

 

Inc. 

Dec 

Dec. 

 

 

 

 

Dec. 

Inc. 

 

 

Inc. 

Inc. 

6. Conclusions 

In this study, In this study, the finite difference solution of unsteady MHD mixed convection heat and mass transfer over 

a permeable vertical plate in the presence of heat generation, chemical reaction, thermal radiation and Hall current for 2p  

and 2q  is investigeted. In present investigation, the primary velocity, secondary velocity and temperature distributions 

increase with the increase of Dufour number. The primary velocity, secondary velocity and concentration distributions 

increase with the increase of Soret number. The concentration decreases with the increase of chemical reaction parameter 

and Schimidt number. It is also seen that temperature increases for the increase of heat genaration or absorption parameter 

and Prandlt number. The Nusselt number decreases with the increase of heat genaration or absorption parameter and 

increases with the and Prandlt number. The Sherwood number increases with the increase of chemical reaction parameter 

and Schimdt number.  
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Abstract 

Double diffusive mixed convection in an open channel with a circular heater on the bottom wall has been investigated in this paper. 

Constant temperatures and concentrations are considered along the semi-circle and the lateral walls of the channel are adiabatic. Galerkin 

weighted residual finite element method have been used to solve the governing equations. Calculations were performed for Rayleigh 

numbers and Lewis number. Reynolds and Prandtl numbers are fixed as 100 and 0.7 for whole study, respectively. Various characteristics 

such as streamlines, isotherms, isoconcentration and heat and mass transfer rate in terms of the average Nusselt number and Sherwood 

numbers are presented for the aforesaid parameters. It is found that, average Nusselt number at the heat source decreases and overall mass 

transfer rate in terms of average Sherwood number increases with the rising of Lewis number. In addition, Rayleigh numbers have also 

significant effect on the heat and mass transfer process.  

 

© 2012 The authors, Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Bangladesh Society 

of Mechanical Engineers 
Keywords: Channel flow, finite element method, circular cavity, double diffusive mixed convection. 

Nomenclature 

Br buoyancy ratio Ti inlet flow temperature  
c mass concentration (kg m

-3
) (u, v) velocity components (ms

-1
) 

ch high mass concentration  (U, V) dimensionless velocity component 
ci Inlet mass flow concentration  w height of the channel 
C dimensionless mass concentration (x, y) dimensional coordinates (m) 

D mass diffusivity (m
2
s

-1
) (X, Y) dimensionless coordinates 

g gravitational acceleration (ms
-2

)  Greek symbols 
k fluid conductivity (Wm

-1
K

-1
) α thermal diffusivity (m

2
s

-1
)  

L length of cavity (m) βT coefficient of thermal expansion (K
-1

) 
Le Lewis number βc coefficient of mass expansion (m

3
kg

-1
) 

Nu  average Nusselt number μ dynamic viscosity (kg m
-1

s
-1

) 
p dimensional pressure (Nm

-2
) ν kinematic viscosity (m

2
s

-1
) 

P non-dimensional pressure  θ non-dimensional temperature 
Pr Prandtl number  Density (kgm

-3
) 

Re Reynolds number * dimensionless density 
Ri Richardson number ψ streamfunction 
Sh average Sherwood number subscripts 
T temperature (K) i inlet state 
Th hot wall temperature   
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1. Introduction 

Mixed convection is that type of heat transfer in which there is a noteworthy interaction between free and forced 

convection. Mixed convective heat transfer in open cavities has long been studied and received increases attention due to its 

application of practical interest, such as nuclear reactors, solar receiver, thermal storage and open cavity packaging of 

semiconductors. Studies associated with mixed convection in open cavities have received increasing consideration. Pavlovic 

and Penot, 1991, performed an experimental investigation of the mixed convection heat transfer in an open isothermal cubic 

cavity. They concluded that the convective heat loss for the central solar receiver. A numerical analysis of laminar mixed 

convection in a channel with an open cavity and a heated wall bounded by a horizontally insulated plate was presented by 

Manca et al., 2003, where the authors considered three heating modes: assisting flow, opposing flow and heating from 

below. Later, a similar problem for the case of assisting forced flow configuration was tested experimentally by Manca et 

al., 2006.  

The double-diffusive mixed convection in a channel with an open enclosure has also found wide applications in 

engineering, such as cooling of electronic components, finned heat exchangers, cavity of solar central receivers, chemical 

processing, thermal and pollution control, evaporative cooling and fire control in buildings. There are several studies related 

to mixed convection for combined heat, and mass transfer. Deng et al., 2004, made a numerical study for a laminar double 

diffusive mixed convection in a two-dimensional ventilated enclosure with discrete heat and contaminant sources. They 

investigated the characteristics of the airflow and heat/contaminant transport structures in the indoor air environment by 

means of a convection transport visualization technique. At the same time, Costa, 2004, carried out a numerical study for 

double-diffusive natural convection in parallelogrammic enclosures filled with moist air. Chamkha and Naser, 2001, studied 

the problem of unsteady, laminar double-diffusive convective flow of a binary gas mixture in an inclined rectangular 

enclosure filled with a uniform porous medium. A numerical simulation of double diffusive natural convection in 

rectangular enclosure in the presence of magnetic field and heat source was performed by Teamah, 2008. Teamah and El-

Maghlany, 2010, numerically simulated double-diffusive mixed convective flow in a rectangular enclosure with insulated 

moving lid. Brown and Lai 2005 numerically investigated a horizontal channel with an open cavity and obtained 

correlations for combined heat and mass transfer which covered the entire convection regime from natural, mixed to forced 

convection. 

In view of the aforesaid statements, it is seemed that the double diffusive mixed convection in a channel with a circular 

cavity has not been addressed yet. In the present study, we undertake this task varying the Lewis number Le ( 0.1 ≤ Le≤ 10) 

and Rayleigh number Ra (10
3
 ≤ Ra ≤ 10

5
) .A comprehensive study of the flow field, temperature and concentration 

distribution with detailed analysis on heat and mass transfer evaluation will be done. 

2. Physical Model 

The physical system under study with the system of coordinates is sketched in Fig. 1. The problem deals with a two-

dimensional open channel of length L with semi-circular heater of diameter 0.5L. The flat walls are adiabatic and semi-

circular wall is under the boundary conditions with a high temperature Th and high concentration Ch. It is assumed that the 

height of the channel w = 0 25L. The forced flow of fresh air, imposed at the inlet, has a temperature Ti, a concentration ci 

and a horizontal velocity, ui. Gravity acts in the vertical direction. 
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Adiabatic 

ui, ci, Ti 

Th, cL 

CBC 

L 

Fig.1. Physical configuration for the problem with boundary conditions 
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3. Mathematical Formulation 

The flow is considered steady, laminar, incompressible and two-dimensional. The field equations governing the heat 

transfer and fluid flow include the continuity equation, the Navier–Stokes equations and the energy equation, which can be 

expressed in non-dimensional form as:  
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where the dimensionless variables are introduced as: 
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As can be seen from the Eqs. (1)-(5), five parameters that preside over this problem are the Reynolds number (Re), Prandtl 

number (Pr), Rayleigh number (Ra), Lewis number (Le) and buoyancy ratio (Br), which are defined respectively as 

   

 

3

Re , Pr , , ,and
h i c h ii

T h i

g T T L c cu L
Ra Le Br

D T T

  

   

 
    


 

The dimensionless boundary conditions corresponding to the considered problem are as follows 

at inlet: 1,  0,   0, 0U V C     

at outlet: 0, 0, 0, 0
U C

V
X X X

  
   

  
 

at all solid boundaries other than semi-circle: , 0, 0
C

U V
N N

 
  

 
 

on semi-circle: 0, 1U V C     

where N is the non-dimensional distances either X or Y direction acting normal to the surface.  

 

The average heat and mass transfer rates on the surface of heat and contaminant sources can be evaluated by the average 

Nusselt and Sherwood numbers, which are defined respectively as  
1

0

Nu dX
Y
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4. Solution Scheme 

The Galerkin weighted residual method of finite element formulation has been used as a numerical procedure. The 

finite element method begins by the partition of the continuum area of interest into a number of simply shaped regions 

called elements. These elements may be different shapes and sizes. Within each element, the dependent variables are 

approximated using interpolation functions. In the current study erratic grid size system is considered especially near the 

walls to capture the rapid changes in the dependent variables. The coupled governing equations (2)-(5) are transformed into 

sets of algebraic equations using finite element method to reduce the continuum domain into discrete triangular domains. 
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Fig. 2. Streamlines for selected values of 

Lewis number, Le at Ra = 1.E+5. 
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The system of algebraic equations is solved by iteration technique. The solution process is iterated until the subsequent 

convergence condition is satisfied: 
1 610m m     where m is number of iteration and  is the general dependent variable. 

 

5. Results and Discussion 

A numerical study has been performed to determine the effects of the double-diffusive mixed convection flow in a 

horizontal channel with an open cavity. For the intention of discussing the results, the numerical calculations are presented 

in the form of streamlines, isotherms, and concentration. With this aim, different parameters such as, Lewis number (Le) 

and Rayleigh number (Ra) are considered. In addition, the Lewis number Le, characterizes the mass transfer exchange 

between the two different concentration zones Moreover, Reynolds number (Re), Prandtl number (Pr), and buoyancy ratio 

(Br) are held fixed at 100, 0.7, and 1, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The influence of Lewis number, Le on streamlines and isotherms are demonstrated in Figs. 2-3. The Lewis number Le 

varied from 0.1 to 10 while keeping Br = 1 fixed. In Fig. 2, the streamlines in the through flow sprint almost analogous, 

apart from for those near the opening to the cavity, which twist near the cavity inside. Besides, the flow inside the lower part 

of the cavity is seen as a large rotating cell in a clockwise direction. Shape change was detected in the rotating cell due to 

the variation of Le inside the cavity. On the other hand, Lewis number has a visible significant effect on the strength of the 

rotating cell inside the cavity.  
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Fig. 4. Isoconcentration for selected values 

of Lewis number, Le at Ra = 1.E+5. 
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Fig. 5. Average Nusselt and Sherwood numbers for 

(a) Ra = 1.E+3, (b) Ra = 1.E+4 and (c) Ra = 1.E+5 

versus Lewis number 

(a) 

(b) 

(c) 

The corresponding isotherms are clustered deeply near the bottom surface of the cavity which indicates steep 

temperature gradients at the vertical direction in this cavity as shown in Fig. 3. In the residual region of the cavity, the 

temperature gradients are feeble and this implies that the temperature differences are very minute in the interior region of 

the cavity due to the strong effects of the mechanically-driven circulations.  

Fig. 4 illustrates a concentration for different Lewis number at Br = 1. From this figure, it is seen that for Le = 0.1, the 

concentration contours in the cavity align almost parallel to the horizontal wall, which is evocative of the supremacy of high 

mass transfer. Moreover, a significant change in the concentration contours is noticeable for the higher values of Lewis 

number.  

The effect of Lewis number on the average value of Nusselt and Sherwood numbers at Ra = 10
3
, 10

4
, 10

5
 is illustrated in 

Fig. 5. For lower values of Ra (= 10
3
, 10

4
), the average Nusselt number decreases very slowly as the Lewis number is 

increased. But the average Sherwood number increases swiftly with the increasing of Lewis number for lower Ra. On the 

other hand, for Ra = 10
5
, the average Nusselt number decreases constantly with the increasing Le up to 5, later it increases. 

It is also observed that the average Sherwood number with the increasing Sh up to 1 then it decreases for Ra = 10
5
 . 
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6. Concluding Remarks 

This work deals with the effect of double-diffusive mixed convection in a horizontal channel along with an open semi 

circular cavity. The finite element method is engaged for numerical simulation. Graphical results of the flow structure, 

temperature, and concentration for Lewis number Le is presented and discussed. The following conclusions may be drawn 

from the above mentioned study: 

 The control of the Lewis number on the isotherms is noteworthy. Moreover, strength of buoyancy-induced vortex 

decreases with the increase of the Lewis number in the streamlines.  

 Overall mass transfer rate in terms of average Sherwood number increases with the augmented of Lewis number Le. 

The results of this study suggest several guidelines for the thermal design of cooling of electronic components, finned 

heat exchangers, cavity of solar central receivers, etc. 

Acknowledgements 

The authors like to express their gratitude to the Department of Mathematics, Bangladesh University of Engineering and 

Technology (BUET), Dhaka, Bangladesh.  

References 

[1] Pavlovic MD, Penot F. Experiments in the mixed convection regime in an isothermal open cubic cavity. Exp 

Therm Fluid Sci 1991; 4 : 648–55. 

[2] Manca O, Nardini S., Khanafer K, Vafai K. Effect of heated wall position on mixed convection in a channel with 

an open cavity. J Numer Heat Transfer 2003; 43 (3); 259-82. 

[3] Manca O, Nardini S, Vafai K. Experimental investigation mixed convection in a channel with an open cavity. Exp 

Heat Transfer 2006; 19 (1): 53–68. 

[4] Deng QH, Zhou J, Mei C, Shen YM. Fluid, heat and contaminant transport structures of laminar double-diffusive 

mixed convection in a two-dimensional ventilated enclosure. Int J Heat Mass Transfer 2004; 47: 5257–69.  

[5] Costa VAF. Double-diffusive natural convection in parallelogrammic enclosures. Int J Heat Mass Transfer 2004; 

47: 2913–26. 

[6] Chamkha AJ, Naser HA. Double-diffusive convection in an inclined porous enclosure with opposing temperature 

and concentration gradients. Int J Therm Sci 2001; 40: 227-44. 

[7] Teamah MA. Numerical simulation of double diffusive natural convection in rectangular enclosure in the presences 

of magnetic field and heat source. Int J Therm Sci 2008; 47: 237-48. 

[8] Teamah MA, El-Maghlany WM. Numerical simulation of double-diffusive mixed convective flow in a rectangular 

enclosure with insulated moving lid. Int J Therm Sci 2010; 49: 1625–38. 

[9] Brown NM, Lai FC. Correlations for combined heat and mass transfer from an open cavity in a horizontal channel. 

Int Commun Heat Mass Transfer 2005; 32(8): 1000-8. 

 



 

Available online at www.sciencedirect.com 

 

Procedia Engineering 00 (2012) 000–000 
 

 

5th BSME International Conference on Thermal Engineering 
 

Some studies on wall-to-bed heat transfer in a pressurized circulating 

fluidized bed unit  

Pankaj Kalita
a
*, Pinakeswar Mahanta

b
, Ujjwal K. Saha

b
 

aCentre for Energy, Indian Institute of Technology Guwahati, Guwahati – 781039, India 
bDepartment of Mechanical Engineering, Indian Institute of Technology Guwahati, Guwahati – 781039, India  

Abstract 

In the present work, a pressurized circulating fluidized bed (PCFB) unit of 54 mm inner diameter and riser height of 2000 mm has been 

fabricated to investigate the effect of pressure on suspension density and heat transfer. The effects of blending of biomass in sand, and 

superficial velocity on bed hydrodynamics and heat transfer has also been studied. Experiments have been conducted at four different 

percentage blending of biomass such as 2.5 %, 7.5 %, 15 % and 20 % in sand with two different weight composition ratios and at a 

superficial velocity of 5 m/s. Operating pressure is varied from 1 to 5 bar in a step of 2 bar.  Results show that, the axial heat transfer 

coefficient increases from the bottom to the top of heat transfer probe with the increase in operating pressure. The radial variation of heat 

transfer coefficient decreases from the wall to the core of the heat transfer probe. The heat transfer coefficient is also found to be higher in 

between the 7.5 to 15 % biomass blending in sand. The overall uncertainty in calculating heat transfer coefficient is found to be 3.90 %.    
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Nomenclature 

BA   Cross sectional area of the bed in m
2
 

DA   Cross sectional area of downcomer  in m
2
 

htpA   Surface area of heat transfer probe in m
2
 

sG   Solid circulation rate in kg m
-2

s
-1

 

 h   Heat transfer coefficient  

h   difference of height in manometric fluid measured in cm of water column 

I   Supply current  

aL   Solid accumulation height in m 

mL   Difference between two consecutive pressure taps  

q   Heat flux  

t   Time to accumulate particular height after closing ball valve in sec  

biT   Bed temperature  in K 
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bsT   Bulk surface temperature in K 

Usup

 
 Superficial velocity in m/s 

B/S  Biomass (sawdust) to sand ratio 

V   Supply Voltage  

Greek symbols 

g   Gas density in kg/m
3
 

   s   Solid density in kg/m
3
 

sus   Suspension density in kg/m
3
 

   Bed voidage  

mf   Bed voidage at minimum fluidization 

   

 

1. Introduction 

 

Circulating fluidized bed (CFB) has emerged as an environmentally acceptable technology for burning wide range of 

solid fuels to generate steam and electricity with improved plant efficiency. Pressurized circulating fluidized bed (PCFB) is 

the second generation technology which is still in the pilot scale level. Extensive research on the design and various 

parameters influencing the performance of a PCFB is in progress, both in industrial and academic level because of its 

unique advantages such as compactness, fuel flexibility and higher efficiency apart from in-situ capture of SO2 and NOx [1-

3]. As compactness is an important feature of PCFB boiler, the heat transfer plays an important role in design and operation 

of a PCFB boiler. The performance of a PCFB unit is influenced by a number of factors, including superficial velocity, solid 

circulation rate, solid inventory, and particle size distribution. The effect of these operating parameters was studied by 

various researchers [1-3]. Change of any of these parameters changes the bed hydrodynamics such as bed voidage, 

suspension density etc. and this causes a change in the heat transfer along the bed height. The knowledge of bed 

hydrodynamics at varied pressure condition is very essential in designing and optimization of PCFB components. Many 

researchers have reviewed the bed hydrodynamics and heat transfer at atmospheric conditions [3-6]. At present, not much 

information is reported on PCFB riser hydrodynamics and on cluster characteristics length and residence time. Some of the 

reported literature related to bed hydrodynamics and its effect on heat transfer is discussed in the following subsections.   

 

The effect of hydrodynamic parameters, pressure and temperature on bed-to-wall heat transfer coefficient was studied 

by Reddy and Basu [7]. Gungor and Eskin [8], developed a two dimensional model considering the hydrodynamic behavior 

of CFB to investigate the effect of superficial velocity on bed hydrodynamics.  Gupta and Nag [1], reported that, with the 

increase in superficial velocity, the bed voidage increases in the bottom portion and decreases in the top region as more 

solids are lifted up due to more drag force in a PCFB. The concentration of sand particles is more in the riser column for 

higher bed inventory, and hence, the bed voidage is lower. Reddy and Knowlton [9], investigated the effect of operating 

pressure on CFB riser hydrodynamics in a 300 mm diameter tube. The result obtained was contradictory to those obtained 

by Plasynski et al.,[10]. The difference was attributed to higher gas pressure drop in the smaller tube compared to the larger 

diameter tube. It is also observed that the pressure drop due to gas density is inversely proportional to diameter raised to the 

power of 1.25. Richgerg et al. [11], conducted some experimental investigations in a 0.19 m diameter and 9 m high pilot 

scale PCFB unit in order to characterize the flow patterns in a PCFB. The obtained information is used to develop an easy 

correlation for the prediction of internal solids reflux in a riser reactor as a function of solids/gas density ratios and the 

dimensionless superficial gas velocity. It is reported that, the local voidage, and the gas and solid velocities change 

continuously from the axis to the wall [12-15]. The voidage is highest along the axis of the riser column and lowest in the 

wall which is observed by various researchers [3, 14, 16]. The radial voidage distribution is much flatter in the upper section 

of the bed, as well as at lower circulation rates. In case of fast fluidized beds, there is a gas-solid boundary layer, where the 

solid generally moves downward. This is investigated that for both in large commercial boilers as well as in laboratory units 

[16-17]. Yue et al., [18] suggested that by changing the bed inventory, one can influence the suspension density. As 

commented by Li and Kwauk [19], and Kunii and Levenspiel [20], the suspension density along the height of a CFB boiler 

varies exponentially as it does in the freeboard region of a bubbling fluidized bed. However, Andersson and Leckner [21], 

and Brereton and Stromberg [22] found that, the profile to be better represented by a power-law equation. Yates [23] 

reviewed the effect of pressure and temperature on fluidized bed and emphasized that more effort needs to be devoted to 

CFB’s as there are many gaps in understanding the flow regime that exist in these system. Wu et al. [24] and Ebert et al. 

[25] suggested that, except for a very dilute bed, the superficial gas velocity does not have any great influence on the heat 

transfer coefficient. It is a result of a relatively low contribution of the gas convection component. In some situations, the 
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heat transfer coefficient at constant circulation rate even decreases with the increase of superficial velocity due to the 

resulting decrease in the suspension density [25-27]. Divillo and Boyd [28], show a major effect of superficial velocity but a 

minor effect of suspension density on the heat flux. Various researchers [1, 3-6] suggested that, the heat-transfer coefficient 

in a CFB riser increases from the bottom to the top and is influenced by a number of factors, including air flow, solid 

circulation rate, solid inventory, and particle size distribution. Basu [3] emphasized that, the major effect of these 

parameters on the heat transfer is due to their influence on the suspension density. Glicksman [29] studied the effect of heat 

transfer coefficient and its dependency on suspension density. It is concluded that, the heat transfer coefficient is found to 

vary as square root of the cross-section average suspension density. Divilio and Boyd [28], presented an overview of the 

effect of suspension density on the heat transfer using the data from the laboratory, pilot plants, and operating plants. They 

observed that, the suspension density varies with the height of the riser. As the combustor gets taller, the solid suspension 

density decreases further, resulting in lower heat transfer coefficients. Gupta and Nag [1], studied the bed to wall heat 

transfer behavior in a 37.5 mm ID and 1940 mm height PCFB riser where the heat transfer coefficient was found increasing 

with an increasing operating pressure as well as with an increase in gas superficial velocity. It was also observed that, with 

the increase in pressure, the bed voidage increased in the bottom zone of the riser and decreased in the top zone, thereby 

increasing the suspension density at the top zone. Recently, similar observations have been made by Kalita et al. [30]. In the 

book written by Oka and Oka [31], it is reported that 12 % biomass blending in sand in the case of bubbling fluidized bed 

found to be optimum for maximum heat transfer and proper gasification. Although much work has been done on the effect 

of various operating parameters on heat transfer associated with the CFB, it is very essential to study the operating 

parameters on the PCFB. Besides, study related to the blending of biomass in sand at varied proportions is a challenge for 

optrimization of a gasification and combustion process. In the present investigation, the effects of blending of biomass in 

sand on bed hydrodynamics and heat transfer at varied operating pressures in a pressurized circulating fluidized bed has 

been studied. 

 

2.0 Materials and Method  

2.1 Setup description 

 

The schematic diagram of the pressurized circulating fluidized bed (PCFB) setup is shown in Fig.1. A photograph of  

the setup is shown in the Fig.2. The PCFB unit comprises of a riser, a transparent downcomer, and a cyclone separator. The 

riser is made of stainless steel of ID 54 mm and height of 2000 mm. Air is supplied to the CFB unit through the bottom of 

the riser by a high pressure centrifugal blower and a compressor. The air flow rate is measured by a standard orifice meter 

and is regulated by an air control valve and a bypass arrangement. The air passes through a porous distributor plate (straight 

hole) of 16.8 % opening area which is fixed at the bottom of the riser column. The entrained solids goes out of the riser are 

recovered in a cyclone separator and are then sent to the bottom of the riser column through a transparent return leg of ID 

24.5 mm. Static pressures and hence voidage were measured along the riser height at 6 (six) different locations such as 120 

mm, 192.5 mm, 370 mm, 495 mm, 970 mm and 1570 mm above the distributor plate. Suspension densities at those points 

were also calculated. Fine wire mesh (200 µm) and cigarette filters are used at the pressure taping ends to minimize the 

pressure fluctuations and to avoid the escape of sand particles from the column. Pressure drops are measured with U-tube 

water filled manometer fabricated for this purpose. The heat transfer probe of height 500 mm is located at a height of 1300 

mm above the distributor plate i.e. at the upper splace region of the riser. Necessary thermocouples are facilitated to 

measure the surface and bed temperatures. The locations of the thermocouples from the distributor plate are 1400, 1500, 

1600, 1700 and 1800 mm. Besides, thermocouples are also installed to measure the radial temperature variations in the bed 

at d/D of 0.2, 0.3, 0.4, 0.6 and 0.8. A heater coil (rated 1000 Watt and resistance 46 Ohms) of the required length is wrapped 

uniformly around the probe. Adequate electrical and thermal insulation are provided. Mica sheet of 1 mm thickness is used 

as electrical insulation over which heater coil is warped. For thermal insulation, ceramic wool and ceramic rope is used 

around the probe. The axial heat loss by conduction is also prevented by providing ceramic wool insulation in between the 

joints. Both surface and bed temperatures are measured with chromal-alumal thermocouples and these have been calibrated 

before use. Agilent 34972 LXI data acquisition/ switch unit is used for measurement and record of temperature.  

 

2.2 Experimental procedure  

A measured quantity of inventory is fed into the unit through the top of the cyclone separator and rests on the ball valve 

of the transparent return leg (downcomer) till the valve open. The heat transfer probe is heated by providing a known heat 

flux before the start of experiment. High precision pressure gauge (Swegelock make) is used for the measurement of the 

compressor delivery pressure. Blower delivery air flow is controlled by a gate valve installed along the flow, and the flow 

rate is calculated by measuring the orifice pressure drop (D and D/2 tapings) in the U-tube water manometer. Finally, the 

superficial velocity is calculated by using the measured orifice pressure drop. In each experiment, controlled amount of air 

is supplied from the blower at a required superficial velocity to the CFB loop. Compressed air is supplied from the 



P. Kalita et al. / Procedia Engineering 00 (2012) 000–000 

compressor at a required pressure to the riser bottom. For each operating conditions, about 60 minutes time is required to 

attain the thermal and hydrodynamic equilibrium. For thermal equilibrium, temperature rise is monitored, and for 

hydrodynamic equilibrium, circulation rate is monitored. Once the equilibrium condition is reached, experimental data such 

as temperature, pressure drop and circulation rate are recorded in a data sheet for further analysis. Same procedure is 

followed with every change in operating parameters. Experiments were performed at a constant heat flux of 830 W/m
2
 and 

at a superficial velocity of 5 m/s. The axial and radial variation of heat transfer coefficient with four proportions blending of 

sawdust in sand such as 2.5 %, 7.5 %, 15 % and 20 % have been studied and compared. Comparisons were also made at two 

different sets of weight composition ratios one of which is weight composition of sawdust with 400 gm sand and the other is 

weight composition of sawdust with 600 gm of sand. The percentage blending of sawdust is kept constant irrespective of 

weight compositions. All the experiments were conducted at three different system pressures of 1, 3 and 5 bar. Average 

particle size of sawdust and sand used for the experiment is calculated to be 407 µm and 309 respectively. Finally, bed 

hydrodynamics (bed voidage, suspension density and solid circulation rate) and heat transfer characteristics (axial and 

radial) were investigated. All the experiments were repeated thrice in order to establish the repeatability. 

 

2.3 Working formula 

For the axial probe, the wall-to-bed heat transfer coefficient is estimated from the measured local surface to bed 

temperatures as given below 

   i

htp bs bi htp bs bi

q V I
h

A T T A T T


 

 
 

(1) 

where i , represents any location along the riser height and htpA , is the heat transfer probe surface area. bsT  and biT  are 

bulk surface temperatures and bed temperatures ,respectively. 

The suspension density of the bed ( sus ) can be evaluated by the equation (Kunni and Levenspiel [20]) 

 sus s g1       (2) 

where voidage ( ) is defined as the volume fraction of the bed occupied by air bubbles, and 
 g  is the density of air in 

kg/m
3
. 

 

Voidage  ( ) may be calculated by using the following expression, 
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where
 

h  is the difference of height in manometric fluid measured in cm of water column, mL is the difference between 

two consecutive pressure taps across which pressure drops, and s  is the density of sand in kg/m
3
. 

Solid circulation rate or solid mass flux (Gs) is given by, 
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(4) 

 

3.0 Results and discussion 

 

Figures 3 through 5 present the variation and comparison of bed voidage at operating pressures of 1, 3 and 5 bar. The 

comparisons were made at two different weight composition ratios and at a superficial velocity of 5 m/s. In these conditions 

percentage blending of biomass is maintained at 15%. As observed, the bed voidage is first decreases and then increases, 

before it decreases at the exit of the riser which may be better represented by S-shaped bed voidage profile. With the 

increase of pressure, the bed voidage decreases at the exit of the riser, this may be due to the increase in concentration of 

particles at the riser exit. This is observed to be more in the case of weight composition ratio of 90:600. 

 

The variation of heat transfer coefficient at a height of 1.6 m from the distributor plate at 2.5 %, 7.5 %, 15 % and 20 % 

blending is shown in the Figs.6 through 9. The comparisons were made at two different weight composition ratios and at a 

superficial velocity of 5 m/s. From these figures it has been observed that, the heat transfer coefficient increases with the 

increase in operating pressures. The heat transfer coefficient is found to be higher (120-135 W/m
2
-K) at 7.5 % blending 

(Fig.7) with weight composition ratio of 30 gm: 400 gm as compared to the other three percentage blending. The heat 
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transfer coefficient is found to be lowest (90-105 W/m
2
-K) at 20 % biomass blending (Fig.9) in comparison to the other 

blending at the superficial velocity of 5 m/s.  This may be due to the lowest solid circulation rate observed in both the cases 

as compared to the other percentage blending. The values of the solid circulation rate at three different operating pressures 

and at four different % blending of sawdust at the superficial velocity of 5 m/s is shown in the table-1.  

 

 
 

Fig.1 Schematic of experimental setup Fig.2 Photograph of the experimental setup 

 

 

 

 
Fig.3 Variation of bed voidage along the height of the riser at P = 1 bar 
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Fig.4 Variation of bed voidage along the height of the riser at P = 3 bar 
 

 
Fig.5 Variation of bed voidage along the height of the riser at P = 5 bar 

 

Figure 10 show the variation of heat transfer coefficient along the heat transfer probe at the operating pressure of 5 

bar and at the superficial velocity of 5 m/s. It is observed that, the heat transfer coefficient increases from the bottom to the 

top of the heat transfer probe. This is a representative figure for percentage blending of biomass in sand at varied pressure 

conditions. The similar variation of heat transfer coefficient without blending of biomass is demonstrated by Gupta and Nag 

[1]. The suspension density variation at a height of 1.57 m from the distributor with operating pressures at the superficial 

velocities of 5 m/s is shown in the Fig.11. The comparison is made at a percentage blending of 15 % and at two different 

weight composition ratios. It has been observed that, the suspension density increases with the increase in operating 

pressure in both the weight composition ratios. However, the higher values of suspension density have been observed at the 

weight composition ratio of 90 gm: 600 gm. 

 

 
 

Fig.6 Variation of heat transfer coefficient at 2.5 % blending  Fig.7 Variation of heat transfer coefficient at 5 % blending 
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Fig.8 Variation of heat transfer coefficient at 15 % blending Fig.9 Variation of heat transfer coefficient at 20 % blending 

 

 
 

Fig.10 Comparison of variation of heat transfer coefficient along the heat transfer probe  
 

 

Table 1. Solid circulation rate, Gs (kg m-2s-1) data with pressure 
 

 Pressure 

in bar  

2.5 % blend  7.5 % blend  15.0 % blend 20.0 % blend 

(B/S) 
10:400 

(B/S) 
15:600  

(B/S) 
30:400  

(B/S) 
45:600  

(B/S) 
60:400  

(B/S) 
90:600  

(B/S) 
80:400  

(B/S)  
120: 600  

Usup = 5 m/s 

1 0.816 1.381 0.946 1.072 0.773 0.912 0.205 0.0817 

3 1.164 1.086 1.623 0.753 1.094 1.762 0.926 0.1388 

5 0.9517 1.455 1.798 1.350 1.637 1.327 0.989 0.3033 

          

 
Fig.11 Variation of suspension density at Usup = 5 m/s 
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The comparison of radial variation of heat transfer coefficient at two different % blending of sawdust such as 2.5 % 

and 15 % is shown in the Figs.12 and 13. These plots have been made at a distance of 1.6 m from the height of the 

distributor. From these figures it has been observed that, the heat transfer coefficient decreases from the wall to the core of 

the riser. This may be due to decrease in particle concentration from the wall to the core of the riser. It is also observed that 

with the increase in pressure, heat transfer coefficient increases. This may be due to the increase in particle concentration 

with increase in pressure. At 20 % biomass blending heat transfer coefficient near to the wall of the riser is found be highest 

and at the core it is found to be lowest. This is probably due to the diffusion of particles from the core to the wall of the 

riser.   

 

 
Fig.12 Comparison of radial heat transfer coefficient at 2.5 % blending  

 

 
Fig.13 Comparison of radial heat transfer coefficient at 15 % blending 

 

 

4.0 Conclusions 

 

In the present investigation, the experiments have been conducted at four different percentage blending of biomass such as 

2.5 %, 7.5 %, 15 % and 20 % in sand with two different weight composition ratios and at a superficial velocity of 5 m/s. 

Operating pressure is varied from 1 to 5 bar in a step of 2 bar. The summary of the experimental observations are as follows  

 The suspension density increases with the increases in operating pressures.  

 The axial heat transfer coefficient increases with an increase in operating pressure at all the % blending 

 The radial heat transfer coefficient decreases from the wall (about 480 W/m
2
-K) to the core (93 W/m

2
-K) of the 

riser in all the operating conditions. 

 The solid circulation rate increases with an increase in operating pressures, and it decreases with the increase in % 

blending of sawdust. 

 More homogenous fluidization and uniform heat transfer coefficient has been observed with the increase in 

operating pressure. 7.5 - 15 % sawdust blend in sand is observed to be optimum for obtaining higher heat transfer 

coefficient at both the sets of weight compositions. 
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